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The Goldman-Turaev Lie bialgebra in genus zero and the
Kashiwara-Vergne problem

Anton Alekseev* Nariya Kawazumi' Yusuke Kuno? Florian Naef?

Abstract

In this paper, we describe a surprising link between the theory of the Goldman-
Turaev Lie bialgebra on surfaces of genus zero and the Kashiwara-Vergne (KV)
problem in Lie theory. Let ¥ be an oriented 2-dimensional manifold with non-empty
boundary and K a field of characteristic zero. The Goldman-Turaev Lie bialgebra
is defined by the Goldman bracket {—, —} and Turaev cobracket § on the K-span of
homotopy classes of free loops on X.

Applying an expansion 0 : Kr — K(z1, ..., z,) yields an algebraic description of
the operations {—, —} and § in terms of non-commutative variables x1,...,x,. If &
is a surface of genus g = 0 the lowest degree parts {—, —}_; and §_ are canonically
defined (and independent of #). They define a Lie bialgebra structure on the space of
cyclic words which was introduced and studied by Schedler [31]. It was conjectured
by the second and the third authors that one can define an expansion 6 such that
{—,—} ={—,—}-1 and 6 = 6_1. The main result of this paper states that for
surfaces of genus zero constructing such an expansion is essentially equivalent to the
KV problem. In [24], Massuyeau constructed such expansions using the Kontsevich
integral.

In order to prove this result, we show that the Turaev cobracket § can be con-
structed in terms of the double bracket (upgrading the Goldman bracket) and the
non-commutative divergence cocycle which plays the central role in the KV theory.
Among other things, this observation gives a new topological interpretation of the
KV problem and allows to extend it to surfaces with arbitrary number of boundary
components (and of arbitrary genus, see [2]).

1 Introduction

Let ¥ be a 2-dimensional oriented manifold of genus g with non empty boundary and
let K be a field of characteristic zero. In [I5], Goldman introduced a Lie bracket on the
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K-span of homotopy classes of free loops on ¥. One can also think of this space as a
space spanned (over K) by conjugacy classes in the fundamental group 7 := 71(X). The
notation that we use for this space is

|Kr| = Krr/[Krr, Krr].

One of the raisons d’étre of the Goldman bracket is the finite dimensional description
of the Atiyah-Bott symplectic structure on moduli spaces of flat connections on 3 [7].
In [34], Turaev constructed a Lie cobracket on the quotient space |Kx|/K1, where 1
stands for the homotopy class of a trivial (contractible) loop. Given a framing (that is, a
trivialization of the tangent bundle) of ¥, the cobracket § can be lifted to a cobracket
on |Kr| which together with the Goldman bracket defines a Lie bialgebra structure. In
more detail, this means that § verifies the co-Jacobi identity, and that it is a 1-cocycle
with respect to the Goldman bracket. This structure was studied in detail in the works of
Chas and Sullivan, and it was one of the motivations for introducing the string topology
program [11].

The Goldman bracket admits an upgrade to the double bracket in the sense of van
den Bergh,  : Kr ® Kr — Kr ® Krr, and the cobracket 6% (for a given framing) can
be upgraded to a map u : Kr — |Kn| @ Krr. All the operations described above: the
Goldman bracket, the Turaev cobracket, the cobracket 6, x and p are defined in terms
of intersections and self-intersections of curves on 3.

Since 0¥ # (), the fundamental group 7 is a free group and one can consider expan-
sions (that is, Hopf algebra homomorphisms) 6 : Km — A, where A is a degree completed
free Hopf algebra with generators zi,...,z,. An example of such an expansion is the
exponential expansion §°*P(v;) = e* which depends on the choice of the basis 1, ..., v,
in 7. An expansion allows to transfer the topologically defined operations x and p (as
well as the Goldman bracket and Turaev cobracket) to the free Hopf algebra A and to
the space of cyclic words in letters z1,...xz,

Al = A/[A, A].

We use the notation a + |a| for the natural projection A — |A|. We will denote the
operations transferred to A and |A| by kg, g, {—, —}o, 5; and dy, respectively.

Assume that ¥ is a surface of genus g = 0. Consider the grading on A defined
by assignment deg(x;) = 1 and the induced grading on |A|. The Lie bracket {—,—}¢ :
|A|®|A| — | A| contains contributions of different degrees starting with degree (—1). This
lowest degree part is canonically defined and does not depend on the choice of §. The
Goldman bracket being related to the Atiyah-Bott symplectic structures on moduli of
flat connections, its lowest degree part comes from the Kirillov-Kostant-Souriau (KKS)
Poisson structure on coadjoint orbits. Hence, we use the notation {—, —}xkg for this
bracket. For all expansions € we have

{—,—}o = {—, —}kks + higher order terms.

It turns out that there is a class of expansions, called special expansions, for which all
higher order terms vanish and the equality

{— —}to={- —Jtxks




holds without extra corrections. Originally, the problem of finding such expansions was
solved in the case of ¥ of genus g with one boundary component in [20]. This result was
extended to the case of surfaces with arbitrary number of boundary components in [22],
[27].

In the case of ¥ of genus ¢ = 0 with 3 boundary components, the fundamental group
m is a free group with 2 generators and A is the degree completion of the free Hopf
algebra with two generators x1 and zo. In this case, special expansions are of the form
O = F~1 0 0P where F is an automorphism of a free Lie algebra with two generators
(naturally extended to A) with the property

F(x;) = e Yix;e (1)

for:=1,2 and
Flo1 + 2) = log(e™ ¢). @)

Similarly to the Goldman bracket, the transferred cobracket 5; admits a decompo-

sition
5@" — §%8 4 higher order terms.

For a surface of genus zero, 6 is again an operator of degree (—1). On the space
of cyclic words, there is a Lie bilagebra structure defined by the KKS bracket and the
cobracket 628, This Lie bialgebra structure was introduced and studied by Schedler [31].

It is natural to ask a question of whether there exists a special expansion # such that

+ __ sal

6y = 6.
In this paper, we answer this question for surfaces of genus zero. The key observation
is that equation (2] plays an important role in the Kashiwara-Vergne (KV) problem in
Lie theory [I7]. In more detail, the reformulation of the KV problem in [6] requires to
find an automorphism F' of a free Lie algebra in two generators which satisfies (), (2)
and the mysterious equation

JETY) = [h(@1) + h(zz) = h(z1 + x2)]. 3)

Here h(z) € K[[2]] is a formal power series in one variable (also called the Duflo function).
The map j is the group 1-cocycle integrating the non-commutative divergence 1-cocycle
div : tDer(A) — |AJ, and tDer(A) C Der(A) is the Lie algebra of tangential derivations
on A which plays an important role in the Kashiwara-Vergne theory [6]. The divergence
cocycle admits an upgrade tDiv : tDer(A) — |A| ® |A|.

The following theorem establishes a surprising link between the Kashiwara-Vergne
theory and the properties of the Goldman-Turaev Lie bialgebra:

Theorem 1.1. Let F be a solution of equations (1) and ). Then, 5 = 68 for the
expansion 0 = F~1 0 0P if and only if I verifies equation ) up to linear terms.



We also define a version of the KV problem for surfaces of genus zero and an arbitrary
number of boundary components n > 3. It turns out that all these problems can be
easily solved using the n = 3 case. Moreover, a result analogous to Theorem [I1] holds
true for any n.

The operations kg and pg also acquire a nice form for expansions 6 defined by solu-
tions of the Kashiwara-Vergne problem. In more detail, we have

Ko = KKKS T Ks,

where kkkg is again the degree (—1) part of kg. The double bracket ks contains certain
higher order terms encoded in the power series s(z) € K[[z]] related to the even part
heven Of the Duflo function by the following formula

dheven o 1 1 o 1 B2k 2k—1
dz 2 (S(Z)+ 2) - 2; k)N~

where By are Bernoulli numbers.
There is a similar description for pu:

po = 18 + pis + fig,

where pi4 is defined by the formal power series s(z). The new contribution fi, is defined
by the formal power series

dh 1 B2k 2k—1 2k
~_ oy S (2k + Dh
9(2) = 2 2 (2k)1” +k>1( + Dhakr2™,

where hogy1 are the odd Taylor coefficients of the Duflo function. Hence, g(z) encodes
the information on the full Duflo function (and not only on its even part).

Remark 1.2. In [24], Massuyeau constructed expansions 6 verifying the condition 5; =
528 using the Kontsevich integral. Moreover, he obtained a description of an operation
which is closely related (and essentially equivalent) to p. His description works for any
choice of a Drinfeld associator ¢ which one needs for the construction of the Kontsevich
integral, and it involves the I'-function of ®; see [13].

Our results are based on the following theorem:

Theorem 1.3. Let F' be an automorphism of the free Lie algebra with two generators
which satisfies equation ({) and let § = F~106%P be the corresponding expansion. Then,

57 (|al) = tDiv({lal, ~}o), )

if j(F~1) € |A| belongs to the center of the Lie algebra (|A|,{—,—}g).



In proving Theorem [L.3 we first show it for § = §°*P and then extend it for F’s solving
the KV problem. In the course of the proof, we need the description of the center of the
Lie bracket {—, —}kks. We give a direct algebraic proof of the fact that the center is
spanned by elements of the form

Z(|AL{=, —}xks) = Y [K[lzi]]l
i=0

where 29 = — Y1 | 2;. Equation () shows that the cocycle property of the divergence
cocycle implies the cocycle property of the cobracket 5; . However, it does not shed light
on the co-Jacobi identity for 5;‘ .

The structure of the paper is as follows. In Section 2 we recall the notions of
tangential and double derivations and introduce the space of cyclic words. In Section
Bl we discuss various versions of the divergence map and derive their multiplicative
properties. In Section M, we consider double brackets (in the sense of van den Bergh)
and study properties of composition maps such as (). In Section B, we recall the
topological definitions of the Goldman bracket, Turaev cobracket and of the maps &
and p. In Section [ we introduce the notion of expansions and define the transfer of
structures to the Hopf algebra A. In Section [l we show that solutions of the Kashiwara-
Vergne problem give rise to expansions with property 5; = 6?8, In Section 8 we prove
Theorem [Tl Appendix A contains an algebraic proof of the description of the center
of the KKS Lie bracket.

Our results were announced in [2]. This paper focuses on the case of genus zero. The
higher genus case is more involved, and it will be considered in the forthcoming paper
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2 Derivations on free associative/Lie algebras

In this section, we give basic definitions of derivations and double derivations on free
associative and Lie algebras.
2.1 Tangential derivations

Let K be a field of characteristic 0. For a positive integer n, let A = A,, be the degree
completion of the free associative algebra over K generated by indeterminates x1, ..., Ty.



The algebra A has a complete Hopf algebra structure whose coproduct A, augmentation
e, and antipode ¢ are defined by

Alxy) =z, @1+ 1@, e(x;):=0, uo(z;):=—m;.

Here and throughout the paper, we simply use ® for the complete tensor product &.
We denote by A>; = ker(e) the positive degree part of A,. The primitive part
L=L,={acA|A(a) =a®1+1®a} of A is naturally identified with the degree
completion of the free Lie algebra over K generated by x1,...,x,. Sometimes we drop
n from the notation and simply use A and L.
Following [35] §2.1, we consider the following natural A-bimodule structures on the
algebra A ® A. The outer bimodule structure is given by

c1(a®b)ea :i=cra®bcg = (1 ®1)(a®@b)(1 @ ca), (5)
while the inner bimodule structure is given by
cax(a®b)xcyg:i=aco@c1b=(1®c1)(a®@b)(c2®1). (6)

Here, a,b,c1,c0 € A.
Let Der(A) be the Lie algebra of (continuous) derivations on the algebra A. Note that — D(4 ‘):b“) L
: ) . EPOY
an element of Der(A) is completely determined by its values on generators xy, ..., Z,.

We set P =
tDer(A) := A®",

and define a map p : tDer(A) — Der(A) such that for u = (uy,...,u,) € tDer(A) we

have
p(u)(xi) = [zi, ug.

Then, we can equip tDer(A) with a Lie bracket given as follows: for u = (u1,...,u,),v =

(v1,...,v,) € tDer(A), we have [u,v] = w, where w = (w1, ..., w,) and

wi = p(u)(vi) — p(v)(ui) + [ui, vil.
The map p : tDer(A) — Der(A), u — p(u) becomes a Lie algebra homomorphism.

Remark 2.1. The kernel of the map p is spanned by elements of the form u =
(h1(z1), ..., hn(xy)), where h;(z) € K[[z]] are formal power series in one variable.

Remark 2.2. The map p lifts to an injective Lie algebra homomorphism p : tDer(A) —
A®" 3 Der(A) defined by p(u) := (u, p(u)). The target is a semi-direct product of Lie
algebras A9™ and Der(A), where Der(A) acts diagonally on the n-fold direct product
A%,

We define Lie algebras Der(L) and tDer(L) by replacing A in the preceding para-
graphs with the Lie algebra L. In particular, tDer(L) = L®" as a set. In an obvious
way, Der(L) and tDer(L) are Lie subalgebras of Der(A) and tDer(A), respectively. We



use the same notation p : tDer(L) — Der(L) for the restriction of p to tDer(L). The
kernel of this map is spanned by the elements

qgi=(0,...,2;...,0) € tDer(L), (7)
where z; is placed in the ¢th position.
Z [AETI [AT]
Remark 2.3. Here we follow the notation in [I]. In [6], the notation is different and
elements in the image of p are called tangential derivations.

2.2 Double derivations

Definition 2.4. A double derivation on A is a K-linear map ¢ : A — A ® A satisfying

v - fu (S) For the A- b
co0o e s 0 D e P(ab) = ¢(a)b + ap(b) (_;%f\/\dwg of ARA J
for any a,b € A. e;if(i,'-) € AXA4

In the definition, we make use of the outer bimodule structure (B). Let Dy = ~~ @@A)@ 7
Der(A,A ® A) be the set of double derivations on A. It has a natural A-bimodule
structure given by

(c19ca)(a) = c1 * p(a) * ca

for ¢1,co € A and ¢ € D4. Here we use the inner bimodule structure (@).
As an A-bimodule, Dy is free of rank n. In fact, the map Dy — (A ® A)®", ¢ —

(¢(x1), ..., ¢(xy)) is an isomorphism of A-bimodules where the A-bimodule structure on
A® A is the inner one. There is a basis of D 4 given by double derivations 0;,i = 1,...,n
such that So 6| A (S The _Emm oF

*}r(&ﬂh{):(}&ox+c{fo®] Oi(zj) =0;;(1®1) Mp L,‘/c:j_g of cwﬁm R_GULMO:(
where §; ; is the Kronecker d-symbol. It is convenient to use the Sweedler conver\ft:l)on
for the action of double derivations: ¢(a) = ¢'(a) ® ¢”(a). For instance, we write
(@) = ¢, @ ¢!/ which implies ¢ = Y, ¢70;¢;. We also write d;a = dia ® 8/ a. Using this

notation, we obtain
Z 07 0:0}(a) = ) _(9la)d}; ® ¢ (9]'a). (8)

The Lie algebra of derivations Der(A) naturally acts on A ® A as follows: for u €
Der(A),a,b € A we have u(a ® b) = u(a) ® b+ a ® u(b). This implies that the space of
double derivations D 4 Carrles a /natyral action of Der(A),

I | @{/ ) & (]
@z(é'@?rj)': " ! f_
! u:pr—|u, ¢l =uop—gpou=(u®l+1Q0u)o¢p— dou.
W= [LU!--del )1 44 [S-d jbi] ( ) “ T;
The double derivation [u, ¢] is completely determined by the n-tuple [u, ¢|(x;) for j =
1,...,n. For example, for ¢ = 9;, we have
[u, 9i](z) = 8; ju(l ® 1) — du(z;) = —Ou(z;) ® O u(z;). 9)

7
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Let tD4 denote the A-bi-submodule of D4 generated by ad,,0; = z;0; — 0;x;, i =

1,...,n. Note that = ). e
(ade,0)(x;) = 0i (1 @z — 2 ® 1). h(“d‘-'si) g (5= G

Sometimes it is convenient to have a special notation for the injective map i : tDg — Dy
which simply sends an element ¢ € tD 4 to the same tangential double derivation ¢ but
viewed as an element of D 4.

In what follows we will need the following Lemma:

Lemma 2.5. Let C € A® A and assume that Cx; — x;C = 0 for some i. Then, C' = 0.

Proof. Introduce a bi-degree corresponding to the degrees in the first and second copies
of Ain A® A. Since the equation Cx; — x;C = 0 is homogeneous, we can assume that C'
is of some total degree [. Then, C = 22:0 C*H=F splits into a sum of terms with given
bi-degrees. The equation C'x; — x;C' = 0 reads

CRHLI=h=1, o okd=k — .

In particular, for k& = [ the equation yields z;C** = 0 which implies C** = 0. For
k =1—1 we obtain 0 = C"%; — 2;C'~ 1! which implies C*~5! = 0. By induction, we
get CFl=F =0 for all k and C = 0, as required. O

Lemma 2.6. tDy C Dy is a free A-bimodule of rank n with a basis {ady,0;}}.

Proof. Assume that ). Cl(ad,,0;)C/ =0 for some C; =C/@Cl e A® A,i=1,...,n.
By applying this double derivation to z;, we obtain (C;)°xz; — z;(C;)° = 0, where
(a®b)° =b®a for a,b € A. Hence, C; = 0 for all j, as required. O

As a sample computation, we introduce an element of tD4 which will be used later.
Lemma 2.7. Let ¢pg := ), ad,,0; € tDa. Then, ¢o(a) =1®a—a®1 for alla € A.

Proof. Both ¢g := ), ad;,0; and the map a — 1 ® a — a ® 1 are double derivations on
A. Since ¢o(z;) = 1 ® x; — x; ® 1 they agree on generators of A, and therefore they

coincide. doulf ders O
A%
Through the map p, the Lie algebra tDer(A) acts on D 4.
W=y~ Wg) A=(AOAL, )

Lemma 2.8. The action of tDer(A) on Dy preserves tD 4.

Proof. Let u € tDer(A) and ¢ = ), ¢i(adg,0;)c] € tD4. Then, by a straightforward
computation, we see that (u- ¢)(x;) = [p(u), ¢](z;) = u- ¢(z;) — d(u(z;)) is equal to the
value at x; of the following double derivation

u(c)(ady,0;) e} + ci(ady, 0;)u(c] ) + ¢ (u;) (ady, 0;) ¢ (u;) + ¢ (ady, 0; )uic — chui(ad,, 0;)c .

This proves the assertion. L _p[w)) Q\:{ = ¢b whert  b< O
Urxy ) _
T - xl‘ - T "‘-/.I 8



2.3 Cyclic words and extra parameters

For a (topological) A-bimodule N, let [A N] be (the closure of) the K-linear subspace of
A spanned by elements of the form an T, where a € A andn € N. Set |IN|:= N/[A, N]
and let | | : N — |N| be the natural projection. Since A is naturally an A-bimodule, we
can apply the construction described above to obtain [A®4) = A

1A == A/[A, A].

Note that |A] is also isomorphic to the K-span of cyclic words in letters z1,...,x,.
Examples of such words are |z1], |z122| = |xox1]| ete.
The space of double derivations D4 is also an A-bimodule.

ey
— Do A4 S
Lemma 2.9. The map D,q ) gt anefle mesary Ajrr @ s

o idast o 1910 @) T
establishes an isomorphism |D 4| = Der(A).
Proof. First, observe that Q:)A ) A®.. A
bp — ¢b] : a = ¢'(a)(b¢" (a)) — (¢ (a)b)¢" (a) = 0

for any ¢ € Dy and b € A. Therefore, the map ¢ — |¢| descends to a map |D4| —

Der(A). This map is surjective since ), |a;0;| : ; + a; for arbitrary a; € A, and hence =4, 3{-5}.
we obtain all derivations of A in that way. Finally, this map is injective since D4 is a
free A-bimodule of rank n with generators 0; and {>_, a;0;; a; € A} C D4 is a section
of the canonical projection Dy — |D4|. O 4, B-,-'1 DJ

Example 2.10. Let a € A and consider the derivation v = |agg| = |a)_, ady,0;|. B
computing it on generators, we obtain

u(z;) = [a, z;]. /M) Le
Hence, it is an inner derivation with generator a. ‘{fD *—-—’}——;’th € >4

For the A-bimodule tD 4, we define the map
Y= Z (ady,0;)c] — || = =(d{d},. ..., chcl,) € tDer(A) ox/cfff"\”f"\) é

which defines an isomorphism [tD4| — tDer(A). It is easy to check that p(|¢]) = |i(v)]
for all ¥ € tD 4.

Lemma 2.11. The map tD4 — tDer(A), 1 — [¢] is tDer(A)-equivariant.



Proof. Let u € tDer(A) and ¢ = ), ci(ads;0;)c/ € tDa. The coefficient of ad,,0;

)

inu-¢ € tDy is computed in the proof of Lemma 28 Then the ith component of
|u- ¢| € tDer(A) is given by

— (cfulc)) + ul(d)c; + ¢ (ui) 9" (us) + uic] ¢ — ¢ cyuy)
—u(—eld) — [6)(ui) + s, ~/]
Zu(|¢|z') = |¢l(ui) + [ui, |9l]
=lu, [o]]i-

This proves that |u - ¢| = [u, |¢]], as required. O

Let AT be the degree completion of the free associative algebra over K generated by
T1,...,Zn, and T. The algebra AT is isomorphic to A,1, but in what follows the extra
generator 1" will play a different role from the other generators. Define an injective map
D4 — Der(AT) defined by formula

¢ @' am ¢'(a)Te"(a)

for a € A and ¢7(T) = 0. The image of this map consists of derivations of A7 which
are linear in 7" and which vanish on the generator 7. The map ¢ — ¢! commutes
with the natural actions of Der(A) on D4 and on Der(AT). By composing with the
evaluation map ev; (which puts the extra generator T equal 1), we obtain a derivation

of A: a — evi(¢? (a)) which coincides with |¢|.

Remark 2.12. Let ¢ € D4 be a double derivation. The derivation ¢ € Der(AT)
descends to an endomorphism of |AT| and it maps |A| C |AT| to cyclic words linear in
T. But the space of cyclic words linear in 7' is isomorphic to A via the map a — |Tal.
Hence, the double derivation ¢ defines a map ¢ : |[A] — A by formula

¢+ lal = ¢" (lal) = |¢'(@)T¢" ()| = ¢ (a)¢/ (a).

Similarly, we define a map tD4 — tDer(A”) by formula Iy

D R G L e U N G

As before, it is equivariant under the action of tDer(A) on tD4 and under the adjoint
action of tDer(A) on itself. Again, it is easy to check that p(y7) = i(¢)T.
2.4 Integration to groups

Let g be a non-negatively graded Lie algebra and assume that the degree zero part g is
contained in the center of g. Then, one can use the Baker-Campbell-Hausdorff formula
to define a group law on g. We denote the corresponding group by G. It is convenient to

10
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Pd{ikr\r% 9%k J%

¢-2%

R0 = % ¢V

use the multiplicative notation for the group elements: to u € g corresponds the group
element e* € G and e%e” = e**Y, where

u* v = bch(u,v) = log(e"e’) =u+v+ 1[u,v] +...
2 F_Lfﬂﬂv.\ﬂj

Lie algebras Der™(A) (derivations of A of positive degree), L and tDer(L) are posi-
tively graded pro-nilpotent, Lie algebras. Lie algebras A (with Lie bracket the commu-
tator) and tDer(A) are non-negatively graded, and their zero degree parts are contained
in the center. Hence, the BCH formula defines a group law on all of them. We denote
the groups integrating A and L by exp(A) and exp(L), respectively. For the integration
of tDer(A) and tDer(L) we use the notation TAut(A) and TAut(L).

As a set, the group TAut(A) is isomorphic to

TAut(A) = (exp(A))*". < A1 p

Elements of TAut(A) are n-tuples F' = (Fy,...,F,), where F; @ exp(A/)/. The map D=f(*1,1)

p : tDer(A) — Der(A) lifts to a map (denoted by the same letter) p : TAut(A) — Aut(A4) 0 =¥ 4 ]
described in the following way. First of all, note that any element F' = exp(f) € exp(A) QD ()< Z -
with f € A decomposes as F' = FyF>q, where f = fo 4+ f>1 is the decomposition into %)= !
the degree 0 part fo € K and the positive degree part f>1 € A1, Jo = exp(fo),and # E‘ﬂ;_\c' e«,‘
F>1 = exp(f>1). Then, F>; makes sense as an invertible element of A, by the exponential o
series exp(f>1) = S50 (1/k!) f>1. With this notation, the whole group exp(A) acts on 0 :-3("413!,"‘--%9("‘_
A by inner automorphisms: =3+ A, - A,

F.a:= (le)_lanl, for ' € exp(A), a€ A Z( A )

We will use the shorthand notation F~taF for (F>1) laF>;. Now, the map p : TAut(A4) —
Aut(A) is defined by
p(F) : z; v F ta F.

The group law on TAut(A) is given by
(F - G)i = Fi(p(F)Gi),

where F'-G stands for the product in TAut(A) and the product Fy(p(F')G;) takes place in
exp(A). A similar description applies to the group TAut(L). Note that if F' € TAut(L),
then le =F.

All Lie algebra actions described in the previous section integrate to group actions.
For instance, the adjoint action of tDer(A) on itself integrates to the adjoint action Ad of
TAut(A) on tDer(A), and the natural action of tDer(A) on tD 4 (Lemma [2.8]) integrates
to a group action of TAut(A) on tDy4. By Lemma 2T the map ¢ — || from tDy4 to
tDer(A) is TAut(A)-equivariant: for any F' € TAut(A), we have

|[Flap| = AdF [

11
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3 Divergence maps

In this section, we describe various versions of the non-commutative divergence map and
describe their properties.

3.1 Double divergence maps

Consider |A| := A/[A, A] and let 1 € |A| denote the image of the unit 1 € A. The
natural action of Der(A) on A descends to an action on |A|. By using the map p, we
can view A and |A| as left tDer(A)-modules. In the following proposition, we introduce

the divergence map Div : Der(A) — |A| ® |A|. /abuse of notation, we use the letter

| | for the map | [¥2: A® A — |A] ® |A. At [ A% |y :—*gd/,{))q
i Proposition 3.1. The map Div : Der(A) — |A| ® |A| defined by formula

Derft)= Aov*® U=y . Uy)  USSW = % Ay
Div(u Z |0 (u Divs “): W,

for u € Der(A) is a 1-cocycle on the Lie algebra Der(A). That is, for all u,v € Der(A),

we have
[yl = UV —viu, ) Div([yﬂ]) = u - Div(v) — v - Div(u).

Proof. Consider a map Z; : A — A® A defined as follows:
Zi:=0;0[u,v] —uodjov+vodiou=vdi]ou—[u,d]ov
When applied to the generator x;, it yields

Zi(wi) = [v,0](w(wi)) = [u, Bi] (v (i)
= Zk( (D)) (Grv(wy)) @ (0 v(wk)) (O ulwi))
+ (O v (@) (Gju(zr) ® (8] ulzr)) (v (w:))) ,

where we have used equation (@). Note that

Div([u,v]) — u - Div(v) + v - Div(u Z|Z ()]

and combining with the previous formula we obtain

2ilZiwl = 3 (=1(Oulzi)(Gv(zx))| @ |(8]v(wr) (G ulz:))]
+ [(Opv (i) (Fju(zr))| @ (0 u(z)) (O v(xi))]) = 0.

Here the two terms cancel each other after using the cyclic property of |- | and renaming
7 and k. O

nm——éo/
The Lie algebra tﬂ ), which is related to Der(A) by the map p : tDer(A) —

Der(A), carries addltlonal 1 cocycles as explained in the following lemma.

12
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Lemma 3.2. For 1 <i <mn, the map ¢; : tDer(A) — |A| defined by formula c;(u) := |u|
for u = (uy,...,uy,) € tDer(A) is a 1-cocycle on the Lie algebra tDer(A).

Proof. Let u = (u1,...,up),v = (v1,...,v,) € tDer(A4). The ith component of [u,v] is
w; = p(u)v; — p(v)u; + [ui, v;]. Since |[u;, v;]| = 0, we obtain
ci(lu, v]) = wil = [p(u)vil = p(v)uil = w-|vi] —v - fui| = u-ci(v) —v-ciu).

O

We define the tangential divergence cocycle tDiv : tDer(A) — |A| ® |A| as a linear
combination of the divergence cocycle and of the cocycles ¢;.

Definition 3.3. For u € tDer(A), set / //

tDiv(u) = Div(p +ch )®1-1®ci(u)).

Since p is a Lie algebra homomorphism and Div and ¢;’s are 1-cocycles, it is obvious
that tDiv is a 1-cocylce as well. In the following lemma we give a more explicit formula
for tDiv.

Lemma 3.4. For u = (uq,...,u,) € tDer(A), we have

tDiv(u Z |x; (O5u;) — (Osus)xs].

Proof. We compute
tDiv(u) = Y. |0ilwi,ug)| + D, (Juil @ 1 — 1 @ |uy)
= 2 [P ®wui+2i(0iwi) — (Giui)wi — i © 1) + 37 (Juil © 1 = 1@ Jus])
= > |zi(Oiu;) — (Oius) il

3.2 Relation to the ordinary divergence

Recall the dwergence map introduced 1n [6] §3.3. Any element a € A can be uniquely
written as a = a® + Y, a'z;, where ¢ € K and o' € A. One defines the map div :
tDer(L) — |A| by formula

Pﬂiwf'?gwﬁ{ div(u) == Z |z (us)'], y/ ))/j—;\ — X
J fz3 ~

where u = (uy,...,u,) € tDer(L). The map div is a 1- cocyc e on the Lie algebra tDer (L
with values in |A]|.
Consider an algebra homomorphism from A to A ® A°P defined by formula

A=(lenhidsdsd T e Iutdpopea

It induces a map from |A| to |A| ® |A], for which we use the same letter A. In the
following proposition, we show that A intertwines the divergence maps div and tDiv.

,r'

" (\>\\/ W
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Propositix,mr?r.-&\ The following diagram is commutative:

Lemma 3.6. For anya € L and 1 <7 <n, we have &(ai) = J;a.
Proof. Both maps L - A® A, a— J;a and a — ﬁ(ai) have the property

¢([a,b]) = ¢(a)b + ag(b) — b (a) — d(b)a.
Since 0;(x;) = K((xj)l) = 0;;(1 ® 1), we conclude that A(a?) = d;a for all a € L, as
required. ]
Proof of Proposition [3.3. Note that we have the following expression for tDiv(u):

tDiv(u Z |A () (O5us)] (10)

for any u € tDer(A), where the product of A(xl) =2;91—1® x; and O;u; is taken in
A® A°P. Now let u € tDer(L). Then, using equation (I0) and Lemma [3.6] we compute

A(div(u)) = A (Z |23 (u;) ) Z |A(z)A((u)")| = Z |A(z;)(D5us)| = tDiv(w).

(2

O

The following lemma will be used later.

Lemma 3.7. The maps A: A — A® A and A : |A| — |A| ®|A| are injective. They are
maps of Der(L)-modules.

Proof. The injectivity follows from (1 ® e)A(a) = (1 ®e)A(a) = a for any a € A. Since
the coproduct A and the antipode ¢ are morphisms of Der(L)-modules, so is the map

A. O

3.3 Divergence maps with extra parameters

Next we introduce a certain refinement of tDiv. Recall that AT is the degree completion
of the free associative algebra over K generated by zi,...,z,, and T. We have an
embedding

T (Al@A) @ (Ao |A]) = |AT| @ |AT], (la|®@bc®|d]) = |a| ® |T0| + |Tc| @ |d],

through which we identify the source and the image. Let py : im(jr) — |A| ® A and ps :
im(jr) — A®|A| be projections on the first and the second factors in the tensor product,
respectively. The map tDs — tDer(AT), ¢ + ¢’ has the property that tDiv(¢?) €
im(jr) since every compotient of ¢7 (with the exception of the last one which vanishes)
is linear in 7.
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Definition 3.8. Define the maps tDiv’

:tDg4 — |A| ® A and tDiv! : tD4 — A ® |A|

by tDivT (¢) := p1(tDiv(¢”)) and tDiv’ (¢) := po(tDiv(¢T)) for ¢ € tD 4.

Let ¢ = Y, ci(ad,,0;)c! € tD4. By (@), tDiv(¢T) =

terms where T appears to the right of the symbol ® are

—Z|A 2;)((8;¢)T¢c) (05! )(

Zl 2 ®
Z L ds L]
Therefore, we obtain @ -fwnJth ¢

1®Td)

> |A(2:)0:(<!T¢)|, and the

— (Bid)A @ T)(1 @ 7). lj Lq

/
Div(d) = (| |© 1) (Z(l ® s — 1 ® c;><az~c;'>> . (1)

i

In a similar way, we obtain

tDiv’ (¢) = (1] |) (Z(aic )¢ ® i — ”{iy ® 1))

i

Proposition 3.9. For any a € A and ¢ € tD 4,

AL

tDivl (ag) =(1 ® a)tDiv’ (), g
tDiv’ (¢a) =tDiv’ (p)(1 @ a) + (| [ @ 1)¢(a),
tDiv’ (ag) =(a ® 1)tDiv" (¢) + (1@ | [)¢(a),
tDiv! (¢pa) =tDiv’ (¢)(a @ 1)

Proof. The first equation is an immediate consequence of (I1). For the second one, we

compute,

tDiv? (ga) =(| |© 1) (Z(l ® i — ; ® ¢;)0;

Since (| | @ 1)¢(a) =

i

=( &) (Z(lg’c’zwz‘—xi@c) dica

)

+(1®1) (Z(l ® i — 1 ® &)(c] ® 1)0za>

=tDivI ()1 ®a) + (| |®1) (Zgb x;)0;a )

(| 1@ 1)(>2,; ¢(xi)(0sa)), the second equation follows. The formulas

for tDiv’ can be obtained similarly (we use (1® | |)é(a) =

Proposition 3.10. For any ¢ € tD 4, we have

tDiv(|g]) = (1 & | [)tDiv (¢)

15
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+ (| | ® 1)tDiv" (¢).



Proof. By (I]) and (I2), we compute
(1@ | v (¢) + (| | @ 1)tDiv" (¢)

=(l1®] ) (Z(l R — 2 @10 )(1@d) + > 10z —z01)(d ® 1)(@-@;))

7 %

=( &) (Z(wz ®l-1® xi)az(—6§’6§)>

—tDiv(|¢]).

3.4 Integration of divergence cocycles

Let g be non-negatively graded Lie algebra with the zero degree part gg contained in the
center of g. Let G be the group integrating g (using the BCH series) and M a graded
module over g. Assume that the action of gg on M is trivial. Then, the Lie algebra action
of g integrates to a group action of G on M. Let ¢: g — M be a Lie algebra 1-cocycle.
Under the conditions listed above, it integrates to a group 1l-cocycle C': G — M which
satisfies the following defining properties: the first one is the group cocycle condition

C(f9) = O(f) + - Cla). Ry 36’7’ et
for all f,g € G. The second one is the relation between ¢ and C: I
#u
d ")t
EC(GXp(tU))’tZQ = c(u), C£€ )“ ‘—/:(G }21
(2 A [+ J;L»Le ;)CI/“L)
for all u € g. These two conditions imply “
u __ 1 \1_
Clexp(u) = —— () (1) &Lty (15)

e
for u € g and exp(u) € G. 71 23 »o

The 1-cocycles Div : Dert(A) — |A| ® |A| (the restriction of the 1-cocycle Div to
derivations of positive degree), tDiv : tDer(A) — |A| ® |A| and div : tDer(L) — |A|
integrate to group 1-cocycles J : exp(Dert(A)) — |A| ® |A|,tJ : TAut(A) — |A| ® |A]
and j : TAut(L) — |A|. The statement of Proposition and Lemma 7] gives rise to
the following relation between group cocycles:

AQ(F)) = tJ(F) (16)

for all F € TAut(L). The following lemma establishes a property of Lie algebra and
group cocycles which will be important later in the text:

Lemma 3.11. Let M be a graded g-module, ¢ : ¢ — M a Lie algebra 1-cocycle and
C:G — M the group 1-cocycle integrating c. Then, for allu € g, f € G we have

c(Adgu) = f - (c(u) +u-C(f71). (17)

~ _ 'S
oo (10U) = CUSFe0+ Eete)) ety o) wor?
s 67 [cr) rlegle) ) [ ks oG Ruf”
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Proof. Consider the expression C(fe'f~1) and compute the t-derivative at ¢ = 0 in two
ways. On the one hand,

d

i C(fe™f e = d

- C(e™) |, = c(Adfu).

On the other hand,

SCO(fef M=o = & (C(f +f Ce™) + (fe) - C(f 1) li=o
= f-c(u ) fo(u- C(f )
= f- (c +u-C(f” ))

O

Among other things, equation (I7) implies that c¢(Adju) = f - c¢(u) if and only if
u-C(f~1) =0.

By applying equation (IT) to the cocycle tDiv, we obtain the following equation
which will be of importance in the next sections:

tDiv(Adpu) = F - (tDiv(u) +u - tJ(FY),

=
where u € tDer(A), F' € TAut(A). It is convenient to introduce a “pull-back” of the fc{;r ~> D
tDiv cocycle by the automorphism F: F*tDiv(u) = F~! - tDiv(Adpu). It is again a \LF%“V Jois
1-cocycle on tDer(A), and it satisfies the formula P Ra P el

F*tDiv(u) = tDiv(u) + u - tJ(F1). (18)

There is a similar transformation property for the map tDiv’ : tD4 — |A] ® A. We
compute
FDivl(¢) = (F'®F~
= (Fl'eF
= pl(tDiV(¢T)
= tDivl(¢) +

DivI(F® F)ogo F71)
-p1(tDiv(AdpeT))
+p1(¢T tJ(F1))
+(1@e) - tJ(F).

Here F is uniquely extended to a tangential automorphism of A” preserving 7', and in
the last line we use the map ¢ : |A| — A defined in Remark 212

(19)

Avvv

4 Double brackets and auxiliary operations

In this section, we introduce double brackets (in the sense of van den Bergh) and discuss
various operations which can be built from double brackets and divergence maps.

4.1 Definition and basic properties

Definition 4.1. A double bracket on A is a K-linear mapII: AR A— AR A, a @b
II(a,b) such that for any a,b,c € A,

/" II(a, bec) =I(a, b)c + bll(a, c), (20)

— II(ab,c) =I(a,c) * b+ a (b, c). (21)
- Z.Hslf//&.ot/c/




One often uses the notation
{a,b}r1 = (a,b) = (a,b) @ I(a,b)".

Remark 4.2. We use the terminology “double bracket” in a wider sense than [35],
where a double bracket is defined to be a map satisfying ([20) and the skew-symmetry

condition: for any a,b € A,
I1(b,a) = —II(a,b)°. (22)

Here, (c®d)° =d® c for ¢,d € A. As is easily seen, (20) and (22) imply (2I)).
For a given double bracket, there are several auxiliary operations.

Lemma 4.3. LetIl : AR A — A® A be a double bracket. Then, for every a € A the
map
{a,—}: b~ (a,b) @ (a,b)”

1s a double derivation on A.

Proof. Indeed, by equation (20) we have

{a,bc}tr = I(a,b) c + bIl(a,c) = {a,b}n c+ b{a,c}tn, = Lo ”
as required. ohder O
L f , 10
?-‘ A < Aadl By applying the map | | : D4 — Der(A), we obtain a derivation on A of the form V

Ha, =}l : b (a,b)'T(a,b)".
Lemma 4.4. The map A — Der(A) given by a — |{a, —}11| descends to |A|.
Proof. We have,
{ac, =}l : b+ (a,b) cll(a,b)” + (c,b) all(c,b)".

The right hand side is symmetric under exchange of a and c¢. Hence, it vanishes on
commutators, as required. ]

Motivated by this lemma, we often use the notation
e rimge oIl = (el o
By equation (20)), the double bracket induces a map {—, —} : |A| ® |A| — |A| defined
by formula
la| @ [b] = [{lal, b} =: {lal, b }r1. (23)
Furthermore, by Remark 2.12] we obtain a map {—, —}11: A ® |A| — A defined by

a® [b| = {a, =} (|b]) = I(a, b)"T(a, b)" =: {a, [b[}n. (24)

All the three operations above are called the bracket associated with II. g‘)

18
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Lemma 4.5. Let IT be a skew-symmetric double bracket. Then, for any a,b € A,
{a, [b]}n = —{[b], a}mr.
Proof. Since II is skew-symmetric, I1(b,a) = —II(a,b)® = —II(a,b)” ® II(a,b)’. Then

{|b], a}rn = (b, a)'TU(b,a)" = —1I(a, b)"I(a,b)" = —{a, |b|}11. D4/ = Oy
Sk HS

i (e )
¥
D g /@A@V In order to give concrete examples of double brackets we consider the space D4 ®4D 4

a 1y ¥ and its A-bimodule structure given by ¢1(¢1 ®4 P2)ca := (c161) ®4 (Pac) for ¢1,co € A
and ¢1,¢s € Dy. Set

(DA)s == |Dg ®4Dal. v
y g S
For ¢1,¢2 € D4, we define a map Ilg g¢, : A® A — A® A by — W

A
) g Mgy 0,(a,5) = #h(5)6} (@) © ¢} ()5 (b), ()

where we write ¢1(a) = ¢/ (a) ® ¢ (a) and ¢2(b) = ¢4(b) ® ¢4(b). In other words, b
en Y€ VQ R Y " ’_“"/SH
TV OFVOTV Iy, 00, (a, —) = ¢1(a)g297(a) € Da (26)

A =5 AGA  for any a € A. One can check that Il g4, is a double bracket on A. In [35] §4, it 1s
proved that this assignment induces a K-linear isomorphism Van e BeOh

A=T1V (DA)y = {double brackets on A}. = A@A@l/ @[{ g

It is convenient to describe double brackets on A through this 1somorphlsm

4.2 Tangential double brackets
In this section, we consider a class of double brackets of particular interest.

wll S
{J-:»-L h v Definition 4.6. A double bracket II on A is called tangential if {a,—}11 € tD4 for any
:’A@,A@Lﬂ@‘t”p a€A. /=1y sl
&

Notice that II is tangential if and only if {x;, —}11 € tD4 for every i. Recall that to
a tangential double derivation {a, —}i1 € tD4 one can associate an element |{a, —}r| € \_
13 !

tDer(A) such that -
: :
t:_, L 7k

p({a, —}ul) = [i({a, = }m)| = {la], =} € Der(A).

For simplicity, with the assumption that II is tangential, we often use the same notation
{|a|, =} for the lift |{a, —}11| € tDer(A).

Definition 4.7. Let II be a tangential double bracket on A.

(i) Define the map tDivyy : |A] — |A| ® |A| by tDivi(|a]) := tDiv({|a|, —}m) for

la| € |Al. e

o e
C)— C\\g N @



(ii) Define the maps tDivy : A — |A] ® A and tDivY : A — A ® |A| by tDivi(a) :=
tDivl (II(a, —)) and tDivi(a) := tDiv! (II(a, —)) for a € A.

Another description of the map tDiv is as follows. First, we consider the unique
extension of II to a tangential double bracket IT7 : AT ® AT — AT ® AT by imposing the
condition (T, —) = 117 (—,T) = 0. Note that 117 (Ta,—) = T1l(a,—) for any a € A.
To simplify the notation, we drop T" and denote the corresponding bracket by {—, —}.
Then, it is easy to check that

tDivfi(a) = p1 (tDiv({|Tal, —}m)),

where {|Tal|, -} € Der(A7T) is lifted to an element of tDer(A”), and tDiv : tDer(AT) —
|AT| @ |AT| is the tangential divergence on tDer(A”).

Note that tDivyy, tDivﬂ, and tDJﬁ are K-linear in II, i.e., tDivy, 41, = tDivy, +
tDivyy, for II; and II; tangential, etc.

Proposition 4.8. Let I be a tangential double bracket on A. Then for any a,b € A,

tDivi (ab) =tDiv{j(a)(1 ® b) + (1 ® a)tDivi(b) + (| | ® 1)I(a, b), (27)
tDivf;(ab) =tDivfi(a)(b® 1) + (a ® 1)tDivf(b) + (1 © | NTL(b, a), (28)

and for any a € A,
tDivi(la) = (1 ® | tDivii(a) + (| | © 1)tDiv{i(a). (29)

Proof. By Proposition 3.9, we compute

tDivi (ab) = tDivZ (II(ab, —))
=tDiv! (II(a, —)b + all(h, —))
=tDiv’ (I(a, —))(1 @ b) + (| | ® 1)II(a,b) + (1 @ a)tDiv’ (I1(b, —))
=tDivii(a)(1 ® b) 4+ (1 ® a)tDiv(b) + (| | ® 1)II(a, b).

This proves (217). To prove (28]), we compute

tDiv{;(ab) = tDiv" (I(ab, —))

—tDiv" (Tl(a, =)b + all(b, —))
=tDiv" (I(a, =))(b ® 1) + (a ® 1)tDiv’ (TI(b, -)) + (1 © | TI(b, a)
=tDiv{j(a)(b @ 1) + (¢ @ DtDiv{;(b) + (| | @ II(b, a).

Finally, (29)) follows from Proposition [3.10) O

Remark 4.9. The notion of a double bracket (Definition f1]) and its auxiliary operations
make sense for any associative K-algebra. In §8, we consider a topologically defined
double bracket on the group ring Km, where 7 is the fundamental group of an oriented
surface.
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4.3 The KKS double bracket

In this section, we consider an important example of a double bracket: the Kirillov-

Kostant-Souriau (KKS) double bracket. We will use the map (25]) to identify double
brackets with elements of (DA),. In this identification, the symbol ® stands for ®4.
The KKS double bracket is given by the following formula:

n
Hkks = Z |0; ® ady, ;. (30)
i=1
Lemma 4.10. The double bracket llxks is tangential and skew-symmetric.

Proof. The skew-symmetry (22]) is obvious from the following computation:

Mkis = Y [0; @ (2:0; — Opi)| = — Y |(@:0; — Oyi) ® 0y,

where we have used the cyclicity property for z; under the | -| sign. The fact that ITIxkg
is tangetial can be checked on generators:

S0 ==l € Hkks(zi, —) = ad,,0; € tD4.
abe — &8l < i@alc
LoC —agkC |
Denote zg = — > 1" | ;.
Lemma 4.11. For the KKS double bracket, we have hix )
Ta 4, AWl atxs = {a, |h(xi) | }xks =0, ; N
{wo,a}kks = —¢o(a), 1 APA L

{20, lal}kks = {lal, zo}xks = 0, S S
{[h(z0)l, a}xs = —{a, |h(z0)[}xxs = [a, h(wo)],
where a € A, i=1,...,n, h(z) € K[[2]] and h(z) its derivative.

Proof. First of all, note that ITkks is skew-symmetric by Lemma 10 so that we can
use Lemma

For the first equality, note that {x;, —}kks = [zi,0;]. Then, for any formal power
series h(z) € K[[2]], we have

{Ih(zi)], — ks = [h(z:)[zi, 0] = 0,

where we have used the cyclic property under the |- | sign.
For the second equality, we have

{zo, — ks = —{Z i, —JkKs = — »_[7:,0i] = —do.

7
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This also proves {|al, zo}xks = 0.
Finally, for the last equality we compute

{[h(zo)|, —tkxs = —’h(ﬂco)%\

which is the inner derivation with generator —h(zg) (see Example[2.10]), as required. [
Lemma 4.12. For h(z) € K[[z]] and a € A, let W @ h" = Ah(zq). Then K:A//MT/
{|W'|, ah" Ykxs = —h(ads,)(a) + 2(0)a,
{IW|,h"a}kks = h(—admo)(a) — h(0)a.
Proof. One computes
(W], ah" }is = {1}, a}ixs B + a{| 1], A" Jks
= [a, (A)'] (h)"
= a(h)'(h)" — ()'a(h)"
= ah(0) — h(ady,)a,
where in the second line we have used Lemma [L.1T] and in the last line we have used

that (h)'(h)" = e(h(zo)) = h(0) and (h)'a(h)” = h(ads,)a. The other equality can be

proven in a similar way. O

One can obtain an explicit formula for the KKS double bracket on a pair of words
Z=21 2, W= W] - W, where zj, wy € {x;}I" ;. Indeed,

HKKs(Z,w) = kal...wk,ll_[KKS(z,wk)warl...wm
= 2jewiwr—1 (2100 zjo1) # ks (25, we) * (25410 20) Wegr - - Wi

Since Tlkks(2j, Wr) = 62w, (1 ® 2z — 2z; ® 1), we obtain

HKKS(Z) 'LU) f Zj,k? 6Zj7wk (wl .. 'wk—12j+1 P Zl ® Zl “e. Z]'LU]{;_I’_l .. .wm

Remark 4.13. The KKS double bracket is an algebraic counterpart of the version of
the homotopy intersection form x introduced in [21], [26]. To align the notation, we
sometimes use the symbol 8 : A®@ A — A ® A for the KKS double bracket. Double
brackets can be naturally associated to quivers [35]. In this formalism, the KKS double
bracket is associated to the star-shaped quiver with one internal vertex and n external
vertices.

Remark 4.14. The double bracket Ilxkg verifies the van den Bergh version of the
Jacobi identity [35]. In particular, this implies that

(lal, [b[) = {lal, b[}kxs

is a Lie bracket on |A|. In the framework of double brackets associated to quivers, this
Lie algebra is known as the necklace Lie algebra [9], [I4]. See also [28] for a related
structure in higher genus.
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Theorem 4.15. The center of the Lie algebra (|A], {—, —}kks) is spanned by |K[[z;]]|,
0<1i<n,

n
Z(|Al, {=, —}xks) = Y [K[z:]]|
i=0
Proof. A proof using Poisson geometry of representation varieties can be obtained with

the techniques of [12]. In Appendix A, we give a direct algebraic proof of this statement.
O

Next, we compute the maps tDivy and tDivﬂ for the KKS double bracket. We will
use the following shorthand notation: tDiviks and tDivkgg. A similar style notation
will be later used for other double brackets.

Proposition 4.16. For z = 2122+ - 2y, with z; € {x;}}, we have

tDiVKKS(Jf\/) =— Z%,zk (I25 - 2zk—1| Alzrgr - 2m2r - -+ 2j—1]
i<k

Hlak - zmar ezl Az Zeal)

tDIviks(2) = D 0z (1251 2om| © 21 221 - 2my
T <k

Proof. Since {z, —}kks = >_; 21+ zj—1(adz;0z;)zj41 - Zm, the ith component of {|z[, —}kks €
tDer(A) is — Zj On;z;%j+1 " Zm21 -+ - Zj—1. Therefore,

tDivkks(|z]) = Z IA( 2j)0z; (2j41 - Zm21 -+~ Zj—1)|

= —Z(Szj,zk |Zj"'Zk‘—1| &® |Zk+1“‘zm21"'2j71|

i<k

_|Zj+1 "'Zk;—1| ® |Zk+1 C s 2ZmZl ZJ|)
— Zézj7z,€ (|Z] c o 2Zm2l -.-Zk,_1| ® |Zk?+1 ‘.‘Zj*1|
k<j
_|Zj+1..-Zm,Zl "'Zk;—1| ® |Zk+1Z]|)

= — Z(Szj,zk (|Z_] ---Zk_1| VAN |Zk;+1 ce e Zm 21 ”‘ij1|

i<k

o zman el Az a).
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For tDiv%KS, using (II)) we compute

tDivigs(2) =(| [@1) [ D (1 @212 — 2 @ 21+ 2j-1)0z (241 - 2m)

J
=Y G (241 21| @ 21 Zi2k41 - 2m
i<k

O

Remark 4.17. The operations tDivkksg and tDiv%KS are algebraic counterparts of the
Turaev cobracket  and of the operation 4 (a self-intersection map introduced in [21]%
To align the notation, we sometimes use the following symbols: 628 = —tDivkks, u*8 =

tDivkg. oyt (s, x]

Remark 4.18. The vector space |A| endowed with the Lie bracket induced by ITkks
and with the operation §%& : |A| — A2%|A| is in fact a Lie bialgebra. This Lie bialgebra
bnby=a]lel~(ob) . . .. o
+so)—p) b Was introduced and studied in [31] (see also [28] for a similar structure in higher genus).
= alo|- Kb It can be viewed as an algebraic counterpart of the Goldman-Turaev Lie bialgebra for a
surface of genus zero defined in the next section.

(Sfaca)t, Ye) = A s ) ) S 1=, )

fa V1R~ ﬁ\ufe,

A A ( (i
:Cg{ﬂ:)gjui@ i t4  Double brackets II, = b="ad o P ;;;,fb‘,iq
Another family of examples are the double brackets of the form féa (q) = adl — @o_
ol T, = |60 ®,5(—adu, o] = [s(adsy) b0, dol, —
for s = s(z) € K][[z]] a formal power series. In particular, for s = 1 we obtain II; =
T, Ao A ADA |po @ ¢p|. For the later use, we will need the following Sweedler style notation: T
asl, > abo| — a8b~ R ~ o V' =
+[@alo A(s(—x0)) = (1@ 1)A(s(—xp)) = s ®s" € A® A.

Proposition 4.19. For any s, the double bracket Il; is tangential. For any a,b € A,
we have
s(a,b) = s"a® s'b—bs"a® s’ — 8" @ as’b+ bs" @ as’.

The tangential derivation {|a|,—}s € tDer(A) vanishes for all a € A. All the bracket
operations {—, —}s : |[A|®@ A — A, |A|®|A| — |A| and A® |A| — A are identically zero.

Proof. Let a € A. By Lemma 2.7 and (26]), we have
Hs(a, —) = (s(—ady,)po)a — a(s(—ady, )do) = s'¢pos"a — as’¢ps”. (31)

On the one hand, this shows that Il is tangential. On the other hand, for b € A we
have
Oy(a,b) =s'*(1@b—b®1)x(s"a) — (as) * (1 @b—b®1) xs".
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Expanding the right hand side of this equation, we obtain the second statement in the
proposition.

The equation (BI)) shows that the tangential derivation {|a|,—}s € tDer(A) is an
inner derivation with generator s”as’ — s”as’ = 0. The last statement on the bracket
follows from the second statement. O

Proposition 4.20. For any a € A, tDivs(|a]) =0 and
tDivl (a) = |s"| @ as’ — |s"a| @ &'

Proof. By Proposition 19, the tangential derivation {|a|,—}s € tDer(A) vanishes.
Hence, tDivs(|al) = 0 for all @ € A. By Lemma 2.7 and Proposition [3.9]

tDiv? (a) =tDiv’ (s'¢ps"a — as'pos")
=tDiv" (s'¢0) (1 ® s"a) + (| | @ 1)(s'¢o)(s"a)
—tDiv’ (as'¢o)(1 @ 8") — (| | @ 1)(as'¢o)(s")
=(|lol)(sf+«(1®s"a—s"a®l)—(as) *(10s" —s" @1))
=(||®1)(1®ss'a—s"a®s —1®as's" + 5" @ as)

=|s"| ®as’ —|s"a| @ 5.

Here we have used the facts that tDiv’ (¢g) = 0 (this can be seen directly from (IIJ)),
and that s's” = e(s(—xz0)) € K. O

5 The Goldman-Turaev Lie bialgebra

In this section, we recall the notions of Goldman bracket, Turaev cobracket and their
upgrades to the group algebra of the fundamental group. All these operations are defined
in terms of intersections and self-intersections of curves on a surface 3.

Let X be a connected oriented smooth 2-dimensional manifold with non-empty bound-
ary 0X. Fix a point x € 9%, and let 7 := 71 (X, *) be the fundamental group of ¥ with
base point *. The group ring Kz has a Hopf algebra structure whose coproduct A,
augmentation e, and antipode ¢ are defined by the following formulas: for o € 7,

Alo) :=a®a, ela):=1, u(a):=al.

By a curve, we mean a path or a loop on Y. In what follows, we consider several
operations on (homotopy classes of) curves on ¥. Let I be the unit interval [0, 1] or the
circle S', and let o be a smoothly immersed curve, i.e., a C®-immersion a : I — X.
For distinct points s,t € I, where we further assume that s < ¢ if I = [0,1], we define
the curve ag to be the restriction of av to the interval [s,t]. For t € I, let &(t) € Ty X
denote the velocity vector of a at t. If p € a(I) is a simple point of a and t = a~1(p),
we also write &, for &(t). For paths a, 5 : [0,1] — X, their concatenation af is defined
if and only if a(1) = 5(0), and is the path first traversing «, then . If there is no fear
of confusion, we use the same letter for a curve and its (regular) homotopy class.
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For a path 7 : [0,1] — X, its inverse 7 : [0, 1] — X is defined by 7(¢) := v(1 — t).

Let p € ¥ and let d’,g € T,X% be linearly independent tangent vectors. The local
intersection number (@,b) € {+1} of @ and b is defined as follows. If the ordered pair
(@,b) is a positively oriented frame of X, then &(@,b) := +1; otherwise, (@, b) := —1.

Take an orientation preserving embedding v : [0,1] — 9% with v(1) = %, and set
e :=1(0). Using v, we obtain the following isomorphism of groups:

= m(X,e), a— vav. (32)

5.1 The Goldman bracket and the double bracket

We recall an operation which measures the intersection of two based loops on X (see [21]
§4.2 and [26] §7). Let o and S be loops on 3 based at e and *, respectively. We assume
that « and 8 are C*°-immersions with their intersections consisting of transverse double
points. Then set

’%(O@ 5) = Z E(dpa /Bp) 5*papoy ® POé.po* € Kr ® K. (33)
pEanS

The result only depends on the homotopy classes of « and 3, and using the isomorphism
[B2), we obtain a K-linear map & : Kr @ K — K @ K.

Proposition 5.1. The map k : Knr @ Kr — Kr ® Kr is a double bracket on Kx in the
sense of Remark[{.9 For any x,y € Kr, we have

Ky, z) = —k(z,y)" +ayR@1+10yr -0y -y, (34)
r(u(x), () = (@ )k, y)°. (35)
Here, (u®v)° =v®u for u,v € K.

Proof. For the proof of the first statement, see [21I] Lemma 4.3.1. (Note that we use a
different convention here. See also Remark 5.7/ below.) The formula (34) can be found in
the proof of Lemma 7.2 in [26]. The formula (B3] can be seen directly from the defining

formula (33). O

Remark 5.2. Essentially the same operations as the map x were independently intro-
duced by Papakyriakopoulos [30] and Turaev [33]. Yet another version is the homotopy
intersection form n: Kr @ Kr — Kz introduced by Massuyeau and Turaev [25].

Let 7 := [S', Y] be the set of homotopy classes of free loops on . For any p € ¥ (in
particular, for p = ), let | | : 71 (2, p) — @ be the map obtained by forgetting the base
point of a based loop. Notice that the map | | : 7 — 7 induces a K-linear isomorphism

K# = |Kn|,

where |K7r| = Kr/[Km, Kx]. In this paper, we mainly use the notation |Kr|.
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Figure 1: the group structure on 71 = 7,

By equation (23]), the double bracket x induces a bracket {—,—} = {—,—}x on
K7 2 |Kr|. To be more explicit, suppose that o and  are smoothly immersed loops on
3}, such that their intersections consist of transverse double points. For each intersection
p € anp, let oy and S, be the loops o and 8 based at p, and let a3, € m (X, p) be
their concatenation. Then from the formula (33]), we obtain

{o, B} == Z 5(dp’5p)|ap5p|-

pEanS

Note that {—, —} is minus the Goldman bracket defined in [15].

5.2 Turaev cobracket and the self-intersection map p

Choose inward non-zero tangent vectors & € ToX and & € T.XY, respectively. Let
7T = 7, be the set of regular homotopy classes relative to the boundary {0,1} of
C*°-immersions 7 : ([0,1],0,1) — (3, e,%) such that 4(0) = & and §(1) = —&.. We
define a group structure on 7 as follows: for a,3 € w", their product a8 is the
insertion of a positive monogon to (a suitable smoothing of) awf (see Figure [I). The
map " — 7,7 > Uy is a surjective group homomorphism, and its kernel is an infinite
cyclic group.

Let v : ([0,1],0,1) — (X, ,%) be a C*°-immersion such that 4(0) = & and §(1) =
—&x. We assume that the self-intersections of v consist of transverse double points.
For each self-intersection p of «, let v~ (p) = {t},t5} with t] < t5. Then we define
1(7) = pex(7) € |Km| ® Kmr by

p(y) = — Z e(Y(#): (t5)) [vwen | © Prow vz (36)
P

where the sum runs over all the self-intersections of v. Using the same argument as in
[21] Proposition 3.2.3, we can show that the result depends only on the regular homotopy
class of v. Since in this statement we deal with reqular homotopy classes, we only have
to check the invariance under the second and third Reidemeister moves (w2) and (w3)
(see [15] §5). In this way, we obtain a K-linear map p = pes : Kt — |Kr| @ Kr.

Proposition 5.3. For any o, 3 € 7+,

() = M(a)(.l ®vh) + 1 ®va)u(f) + (| |® 1)s[Ta, 7B).
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v Q Y[+

o) L&

L] v * L] *

Figure 2: the closing operation | |*

Proof. The proof is essentially the same as the proof of Lemma 4.3.3 in [21], so we omit
the detail. O

Remark 5.4. In [33], Turaev introduced essentially the same operation as p.

We denote by 7T the set of regular homotopy classes of immersed free loops on .
Let a: S — ¥ be a C*™-immersion whose self-intersections consist of transverse double
points. Setting D, := {(t1,t2) € S' x S' | t1 # to,a(t1) = a(ty)}, we define

)= > eldltr),clta)) o, | @ |any, | € Kr| @ K. (37)
(tl,tg)EDa

The right hand side only depends on the regular homotopy class of v, and we obtain a
K-linear map 6" : Kat — |Kr| @ |Knr|.

Remark 5.5. To show that §+(«) is well-defined, we can use a similar argument to [34]
§8. A regular homotopy version of the cobracket § was first introduced by Turaev in [34]
§18. Another version which is closer to our definition was introduced in [I§].

Consider the closing operation | [T : 77 — &%, which maps ~ to an immersed loop
obtained by inserting a positive monogon to 7y (see Figure 2). Let 1 € 7 denote the
class of a constant loop. Then for any v € 7,

ST () = A1 @ | u(y) + 1 AL (38)

Here, Alt : |[K7| ® |Kr| — |K7| @ |Kr| is the map sending a® f to aAf = a®@ - R a.

The original Turaev cobracket [34] is a map § : |Kr|/K1 — (|K7|/K1) @ (|K7|/K1).
It is defined using the formula (37]), where the loop « represents an element of 7 (not of
#t) and the right hand side is regarded as an element of (|Kr|/K1) ® (|Kr|/K1).

Remark 5.6. The Goldman bracket [—,—]g = —{—,—} is a Lie bracket on K&, and
K1 is a Lie ideal [I5]. The map ¢ is a Lie cobracket on the quotient Lie algebra K /K1,
and the triple (K7 /K1, [—, —]g,0) is a Lie bialgebra [34]. As was shown by Chas [10], it
is involutive in the sense that [—, —]g o0 = 0.

Remark 5.7. The operations p and « in this paper are different from the original
versions in [2I]. One can convert one version into the other by switching the first and
second components of the target.
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Figure 3: a surface of genus 0, embedded in R? (n = 3)

2r 90 92

Figure 4: the proof of Proposition [5.§]

5.3 The case of genus zero

In this subsection, let 3 be a surface of genus 0 with n + 1 boundary components. We
label the boundary components of ¥ as 0gX, 1%, ..., 0,2, so that x € JypX. Take a free
generating system -y, ..., 7, for m, such that each ~; is freely homotopic to the positively
oriented boundary component ;% and the product ~y; - - -7y, is the negatively oriented
boundary component 9p% (see Figure B]).

Figure M shows the following:

Proposition 5.8.
K(Yi, %) =1 @72 =i @7 for any i,
k(i) =0 ifi<j,
(Vi) =1®@%7 + 7@l -1 @y — 7@y ifi> .

Choose an orientation preserving embedding ¥ — R? such that dyX is the outermost
boundary component of 3, as in Figure 3l Note that such an embedding is unique up to
isotopy. The standard framing of R? induces a framing of ¥.. We may assume that the
velocity vector of v does not rotate with respect to this framing. Then we can define
the rotation number function

1
TOt = TOtey : T+ — 3 + Z.

It satisfies the product formula rot(af) = rot(a) + rot(3) + (1/2) for any «, 3 € 7.
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The surjective homomorphism 7% — 7,7 +~ T~ has a section i = Ggy : ™ — 7T
defined by the condition that rot(i(y)) = —1/2 for any v € 7. Composing p : Knt —
|K7| ® Krr with the section i, we obtain a K-linear map pu = pex : Kn — |Kr| @ K
(again denoted by u).

Proposition 5.9. The map pu: Kr — |Kr| @ Kr satisfies the product formula

plzy) = p@)(1l@y) + (1o z)uly) + (| |© Dz, y)

for any z,y € Km, and we have u(v;) = 0 for any i. Moreover, these two properites
characterise the map p.

Proof. The product formula follows from Proposition[5.3l Notice that a suitable smooth-
ing of vv; has no self-intersections and that its rotation number is —1/2. Thus i(y;) = vy,
and p(7;) = 0. The last statement follows from the fact that 7 is generated by {v;};. O

Proposition 5.10. The composition map

. + +
L LLING SR K| @ |Krr|.
descends to a map 61 : 7 — |Kn| @ |Kn|. For any v € m, we have

5T (y]) = A1 @ | u(y) + A AL (39)

Its K-linear extension 6 : |[Kr| = Ka — |Kr| @ |Kn| is a lift of the Turaev cobracket in
the sense that w®% o 6+ = § o w, where w : |[Kn| — |Kn|/K1 is the natural projection.

Proof. To prove the first statement, we need to show d+(Ji(aB)|") = 67 (|i(Ba)|t) for
any o, € m. We write u(a) = |o/| ® o and u(8) = |f'| ® f”. Then, by ([B8) and
Proposition (.9]

5H(i(aB)] ") = — Alt(1® | Duli(aB)) + li(aB)| A1
— —Ak(1® | (@)1 ® 8) + (1 ® a)u(B) + (| | © (e, B)) + |af A1
—— Alt(jo/| @ |0l + 18| @ o] + (| | @ | r(e, B)) + aB] A1
—[a” Bl Alo/| + [aB”] A 18] + aB AL — Al(| | @ | )r(a, B).

Also, by (34)),
Als(] | @[ [)r(8,a) = —AlL(] | @ | [)(r(a, 8)°) = Alt(] [ @ | [)r(a, B).

These two computations prove 6 ([i(a8)|") = 67 (|i(Ba)|T), as required. The formula

B9) follows from @F). Finally, by @), @26+ (h]) = —Alt(1 @ | Du(y) = s=(]).
where the last equality follows from (B6]) and (B7) (the latter being interpreted as the
defining formula for ¢). O

Remark 5.11. In fact, the K-vector space |Kr| is a Lie bialgebra with respect to the
Goldman bracket and the map 6.
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By interchanging the roles of * and e, we obtain an operation ji.e : Km — K7 ® |Krr|
which will be used in the next section. This map satisfies the product formula

fre(2Y) = fixe(2)(y @ 1) + (2 @ D) pise(y) + (1 @ | )r(y, z) (40)

for any z,y € Kr, and we have pi.o(7; 1) = 0 for all . Moreover, these two properties
characterise fi4e (c.f. Proposition [(£.9)).

One can show that (| | ® 1)(ex(7)°) + 7| A1 = —(] | ® 1)pse(7y) for any v € 7.
Therefore, (39) is rephrased as

(7)== =L@ | Nptex(7) = (| | © 1) p1sa (7). (41)

5.4 Completions

Let I := ker(e) be the augmentation ideal of K7. The powers (I7)P, p > 0, give a de-
scending filtration of two-sideded ideals of Kz. The projective limit Kz := l.&np%oo Kz /(I7)P

naturally has the structure of a complete Hopf algebra. Also, put |Kr| := T&np_)oo |Kr|/[(I7)P|.

Since 7 is a free group of finite rank, the natural map Kr — Kr is injective and the
image is dense with respect to the filtration I7 := ker(Kr — Kn/(I7)P), p > 0. The

natural map |Kn| — \@] has a similar property.
As shown in [21] §4 and [22] §4, the operations k, the Goldman bracket, 4, and 6t

on K7 and K7 have natural extensions to the completlons KTI‘ and |K7T| Therefore,
we have continuous maps & : KroKr — Kr®Knr, {—,—}: |K7T|®|K7T| — |K7T|<§>|K7T|,
t: [Kr| — |Kr|®|Knl|, and p : Kr — |Kr|QKn.

6 Expansions and transfer of structures

In this section, we introduce a notion of expansions which allow to transfer the operations
(e.g. the double bracket and cobracket) from the group algebra K= to the free associative
algebra A.

Keep the notation in §5.3land identify the homology class of ; with the ith generator
x; of A= A,. Then H;(3;K) is isomorphic to the degree 1 part of A. Recall the notation
xro = — Z?:l x; € Hl(E,K) C A

Definition 6.1. A group-like expansion of 7 is a map 6 : @ — A such that
(i) 6(aB) = 0(a)8(B) for any a, B € .

(ii) for any o € m, 0(a) = 1+ [a] + (higher terms), where [a] € H;(X;K) is the
homology class of «,

(iii) for any o € 7, 0(«) € exp(L).

A group-like expansion 6 is called tangential if
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(iv) for any 1 < i < n, there exists an element g; € L such that 0(v;) = edie*ie 9.

A tangential expansion is called special if Ao, e
o) = i

e W“\JA Ly [()L \

(V) 001+ 4) = exp(—ag).  ° AT

Example 6.2. There is a distinguished tangential expansion P defined on generators
0P (v;) = e®i. This expansion is not special since 0P (yy - -+ 7,) = €¥1 -+ - e™n #£ 770,

Remark 6.3. The notion of a group-like expansion and that of a special expansion
were introduced by Massuyeau in [23] and [24], respectively. The first example of special
expansions was given by [16] by using the Kontsevich integral. Special expansions appear
implicitly in [1] §4.1. Hf:»gyf‘/“‘ yslowler

Any group-like expansion 6 induces an injective map 6 : Km — A of Hopf algebras
and an isomorphism 6 : Kr = A of complete Hopf algebras ([23] Proposition 2.10). It
also induces an isomorphism 6 : ]@\ = |A] of filtered K-vector spaces ([22] Proposition
7.1). By the discussion in §5.4] there exist unique continuous maps kg : A @ A —
A® Ajug: A— |A|® A and 6 : |A| — |A| ® |A| such that the following diagrams are

(é”\ _M/ commutative:

Jy‘b,{, TM TN Kr @ Kr —— Kr @ Kr

@X“éﬁ_ﬂ"g A A 5 A®A,

':2%‘1_,_13::&.'; Kr —— |Kr|® Knr K| — [Kn| ® [Knl

:Z_L XXX el le®e el l0®9

s s =00 s A o A4, 4 s @4

= (’,x t:‘ :J; (j) We will first study the maps xg, tg and 5; for the expansion #*P. In order to proceed,

we need the following technical lemma:

Lemma 6.4. Let N be an A-bimodule and let ¢ : A — N be a K-linear continuous map
such that ¢(ab) = ¢(a)b + agp(b) for any a,b € A. Then, for any v € A>1,

g5 S x> *)

1— —ady
o) = e (o ota)). S bk
ad,
Proof. Note that the expression I(s) = ¢(e*") satisfies the ordinary differential equation
dI S ST ST ST ST
) — plae™) = 6(a)e™ + 20(e™) = 6la)e™ + 215

with initial condition I(0) = 0 (since ¢(1) = 0). It is easy to see that the function

—sady
5% <1_+dx ¢(1’)>
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satisfies both the differential equation and the initial condition. Hence, by uniqueness of
solutions of ordinary differential equation, the expression above gives a formula for I(s).
Putting s = 1 yields the desired result. O

Proposition 6.5. The double bracket It := kgexp s tangential, and it is given by the
following formula: T (¥ ) %?37%) ) =

0 ® R (5;._‘,)( Yyl )ﬂz‘;y(}_; “}I..W‘}f;g{‘ff
‘ <+d> ad? 0;
1 — e 2% i

= Y |ade,d; ® ady, 05 (42)
1<j<i<n
Remark 6.6. The expression Il is well known in quasi-Poisson geometry. The first
term defines a canonical (non skew-symmetric) bracket on a connected Lie group G with
quadratic Lie algebra, see Example 1 in [32]. The second term is the so-called fusion
term, see Section 4 in [32].

n

Hmult = Z

i=1

Proof. 1t suffices to show that (0°P ®0“P)k(v;,vj) = Hmui (e, e*7) for any 1 < 4,5 < n.

By (24), j
1 — A 9 .
Mot (23, —) = <m> ad?,0; + Zadxi(adxkak)- Tors _Z— /‘;’ %</ ‘
k<i
This proves that Il is tangential. By Lemma [6.4] we compute

_ (1 — e 2dey
Hmult(exla —) = e%i <Txiﬂmult(xi, _)>
=" (ad,0;) + Y _ (" (ady, Ok) — (ady, Ok)e™). (43)

k<i

From this equation, we obtain

M (e, e®) = 1@ ee® — e® ®e™  for any i,

Mt (e®,e®) =0 ifi < 7,

Mt (e™,e®) =1®@e%e" + e"e® @1 —e® ®e™ —e" ®e™  ifi > j. (44)
Comparing this with Proposition [5.8] we obtain the result. O

Proposition 6.7. We have

Hoexp = tDinEultﬁ (1o )gexw = @gult’ %Fexr) = —tDivyult-

Proof. For the computation of pgexp, Proposition and equation (27) show that u and
tDivl . satisfy the same product formulas, and Proposition shows that 0P inter-
twines the double brackets x and Il,,. Hence, it remains to show that 6°*P intertwines
u and tDivgult on some set of generators of Kr. By Proposition 59 u(+;) = 0 for all
i. The fact that tDivL , (e") = 0 can be checked directly from (@3) using (IT) and the
fact that Ok (e*) =0 for k < i.

The formula for (jixe)gexr can be proved similarly: we use the fact that g (y; 1) = 0
for any 4, and the computation of I (e~ %, e~ %) obtained from (44]). The formula for

Sexp follows from equations (29) and (@I). O
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Remark 6.8. Explicit expressions for jigexp and &, were obtained in [19].

For arbitrary special expansions, Massuyeau and Turaev proved the following theo-
rem:

Theorem 6.9 ([27], see also [24] Theorem 5.2). For any special expansion 6, we have
kg = Ilagq := Hkks + s,

where

z 1l—e*

Remark 6.10. Actually, Massuyeau and Turaev work mainly with the homotopy inter-
section form 7 : Km ® Km — K. Since & can be recovered from 7 ([22] Proposition 4.7)
and vice versa, it is easy to translate their result into the form presented in Theorem
0.9

Remark 6.11. Theorem admits an interpretation in terms of the exponentiation
construction in quasi-Poisson geometry, see Section 7 in [4]. The KKS double bracket is
a double Poisson bracket, and adding the term Il turns it into a quasi-Poisson double
bracket in the sense of van den Bergh.

Remark 6.12. Note that the function s(z) admits the following presentation in terms

of Bernoulli numbers: -
_ 1 By, 2k—1
05

k=1

It defines a solution of the classical dynamical Yang-Baxter equation (CDYBE).

As a consequence of Theorem [6.9] for a special expansion #, we have the following
commutative diagram:
Kr|® K| =% |Knl
9@% le (45)

A @A DTSy,

This is obtained independently by Massuyeau and Turaev [27] and by the second and
third authors [22]. Note that II; does not contribute in the Lie bracket on |A| (Propo-

sition [£.19]).

Remark 6.13. By combining Theorem and Proposition [6.5] we obtain the following
result: let F' € TAut(L) be such that F(zy +--- 4+ x,) = log(e®* ...e"). Then,

(F71' @ F ) ILyu (F ® F) = Ilagq. (46)

This statement does not involve topology of surfaces, and it admits a direct algebraic
proof [29].
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Remark 6.14. Let F' € TAut(L) and 0 = F~! 0 §P, Then, the map F induces an
isomorphism of Lie algebras

(‘A’7 {_7 _}mult) = (’A‘7 {_7 _}9)'

In particular, this isomorphism restricts to an isomorphism of the centers. Since we
know the center of the Lie algbera (|A|, {—, —}kKks), we conclude that the center of the
Lie algebra (|A|, {—, —}¢) is spanned by the elements |(F~!(x;))*| = [2%| fori =1,...,n
and by |(F~'log(e® ...e™))k|.

7 The Kashiwara-Vergne problem and homomorphic ex-
pansions

In this section, we discuss the connection between the Kashiwara-Vergne (KV) problem
in Lie theory and the transfered structures pg and 5;.

7.1 KYV problems for surfaces of genus zero

We start with the formulation of the KV problem:

Kashiwara-Vergne problem: Find an element F' € TAut(Ly) satisfying the condi-
tions
F(z1 + z2) = log(e™te™), (KVI)

Jh(z) € K[[z]] such that j(F~1) = |h(z1) + h(zs) — h(z] + x2)]. (KVII)
Remark 7.1. The KV problem was originally discovered as a property of the Baker-

Campbell-Hausdorff series which implies the Duflo theorem on the center of the universal
enveloping algebra. The formulation above follows [6].

Recall the following result:
Theorem 7.2 ([5],[6]). The KV problem admits solutions.

As will be shown in our main theorems, the Kashiwara-Vergne problem is closely
related to the topology of a surface of genus 0 with 3 boundary components. Regarding
the topology of a surface of genus 0 with n + 1 boundary components for n > 2, we
introduce a generalization of the Kashiwara-Vergne problem.

Kashiwara-Vergne problem of type (0,n + 1): An element F' € TAut(L,) is a
solution to the KV problem of type (0,7 + 1) if

F(x1+x9+ -+ xp) = log(e®e™ .- ™), (KVOnt7)
3h(z) € K[[2]] such that j(F~") = |Y " h(z;) — h (Z ac) ‘ . (KVOn+D11)
=1 =1
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The conditions (KV©31) and (KV©31I) coincide with the conditions (KVI) and
(KVII), respectively. The existence of a solution to the problem of type (0,n+ 1) follows
from that to the original problem as follows.

Let F' € TAut(Ly) and write F' = exp(u) with u = (u1,u2) € tDer(Lsz). For n > 2,
we introduce the following elements of tDer(L,) = L%

b =(0,...,0,uy(p_1,2n), u2(Tpn_1,y)),

w2 = (0,0, ur (T2, Tt + Tn) U (Tng, Tt F Ty U (T2, Tn1 + 7)),
WP =0, ur (T, 3 + 0+ Tp), U (T2, T3 + o+ X)), (2, T3 4+ T)),
ub?m =(ur(z1, 02+ + ), uz(T1, 02 + -+ ),y - u2(T, T2 4 ).

Then, set
F() .= pr=ln g pr=2-1)n o ... o p23-n o pL2n ¢ TAut(L,),

where F"~b" = exp(u™~b") ete. For more details about this operadic notation, see
[, [6]. For our purpose, the naturality of this construction is important. For example,
consider the map Ay — A,,a — a"?" " = a(x1,x9 + -+ + ) which maps x; to x; and
Ty to 29 + -+ + 2. Then, F(a)b? " = FL2n(g12") for any a € Ay. The divergence
map is natural in this sense ([6] §3), and so is its integrating cocycle j. For example,
G2 = §(FY21) for any F € TAut(Ls).
Lemma 7.3. Let F € TAut(Ls) be a solution of (KVI) and (KVII). Then, F(™ ¢
TAut(L,) is a solution to the Kashiwara-Vergne problem of type (0,n + 1).
Proof. We first show that F(™ satisfies (KVO"tVI). We have F&0HDn(z 425 +
o+ xp) = beh(zg, 241 + -+ xy) for i = 1,...,n — 1. Successive application of this
equality yields
F™ (21 + -+ 2,) =bch(z1, beh(zg, beh(xs, - -+ beh(2p_1,2,) - )))
=log(e®te™ ... ).

To prove that F(") satisfies (KV(O’”H)H), put Gy := (FH>0+H)m)y~Lforj=1,... n—
1. Then j(G;) = |h(x;) + h(xip1 + -+ - + xn) — h(x; + - - - + 2,,)| and G; acts on the last
n — i generators Tji1,..., T, as an inner automorphism; there exists g; € exp(L,,) such
that G;(zy) = g;lxkgi for i < k < mn. Therefore, Gy - - - G;_1 acts trivially on j(G;). By
(13), we compute

J((F™)Y) =j(G1Ga -~ Gpen)
=j(G1)+G1-j(G2) + -+ Gi1Ga---Gp_2 - j(Gn-1)

n—1

=3 |h(xi) + h(mig1 + -+ 2p) = h(@i + -+ 2]
=1

=) " h(wi) = h(z 4+ 20)]| -
i=1
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This completes the proof. O

7.2 Homomorphic expansions

In this section, we define the notion of homomorphic expansion and show that expansions
defined by solutions of the KV problem are in fact homomorphic.

Lemma 7.4. Assume that F € TAut(L,) satisfies (KVO" VL), Then, the map 0p :=
F~106%P is a special expansion.

Proof. Referring to the definition of special expansions, the condition (i) is satisfied since
F~! and #°P are algebra homomorphisms. Since F~! € TAut(L,), for each i there
exists an element g; € L such that F~1(x;) = eJz;e 9. Therefore, Op(v;) = F~1(e%) =
e%ietie 9 proving (iv). The condition (v) follows from the condition (KV©m+D7).
Op(y1- ) = F71(e® - e*n) = exp(—xg). The conditions (ii) and (iii) follow from (i)
and (iv). O

We introduce a class of expansions which transform the Goldman bracket and the
Turaev cobracket * in a nice way:
Definition 7.5. A special expansion 6 : m — A is called homomorphic if 5; = 5ole,

Our terminology “homomorphic” follows the work of Bar-Natan and Dancso [§].
Homomorphic expansions are closely related to solutions of the generalized Kashiwara-
Vergne problem:
Theorem 7.6. Let F' € TAut(L,) be a solution to the Kashiwara-Vergne problem of
type (0,n 4+ 1).
(i) Let us write A(s(—x0)) = ' @ s" where s(2) is the function in Theorem [69, let
9(2) == h(z) € K[[2]] be the derivative of h(z) and write A(g(—xg)) = ¢ ® ¢" € 5{?)’%--‘_}“_-'
A® A. Then, for any a € A, ==
pop(a) = p8(a) + |s"| @ as’ — |s"a| @ ' + |¢'| @ [a, ¢"]. (47)
(ii) We have 5(;; = o8,

Remark 7.7. Massuyeau [24] proved that for any special expansion € arising from the
Kontsevich integral, 5; = 58, He also considered an operation which is closely related
to our u, and showed its tensorial description similar to (47]).

Proof of Theorem [7.6. We split the proof into several steps:

A b bagd Step 1. Let F' € TAut(Ly,) be a solution of the KV problem of type (0,n + 1).

3
Car/csrbrv" .. .
ASin r)/a;;}_ 6.5 Proposition [6.7] pgexe = tDlvﬁmult. Hence,

(9“") Consider the expansion §r = F~! o #*P and the corresponding map pp = Hop- By

ijj E"{ [/6) %’/y" ‘tzwl. !]7;
a) = -1 -1 . tDivT a), — Y mult Jo: TA ~ AR
NF( ) _ (;ZthTP(W{a,)_t}]zdd) ({F( )a }mul ) Z{J’FJ}-‘—'%J/[F)
tDiv? ({a, —Yaaa) + (1 ® {a, — }aqa)tJ(F)
= tDivigq(a) + (1 ® {a, —Yaaa)tI(F ).

Nards e fofu_ In
The 50\Ar,
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Here in the second line we used equation (46]), and in the third line the transformation
property (I9) of the map tDiv’. We now discuss the two terms on the right hand side
separately.

Step 2. By Proposition [£20] we have
tDivLy,(a) = tDivkks(a) + tDivT (a) = p8(a) + |s"| @ as’ — |s"a| ® s (48)

Note that an explicit formula for 8 = tDivkyg is given in Proposition EI6!

Step 3. We now turn to the expression (1 ® {a, —}aqq)tJ(F~1). It is convenient to
use the Sweedler notation for tJ(F~1) = A(j(F1)) = |f/| ® |f”|. Again, we represent
the double bracket as a sum of two terms, Il,qq = Ilxks + II;. The term coming from
11, is equal to zero,

(1@ {a, -} )IE) = |f'|®{a,|f"[}s =0

since Il vanishes on |A| by Proposition .19

Step 4. We now turn to the analysis of the term (1 ® {a, —}kks)tJ(F~!). By the
second KV equation (KV©"+DIID), we have j(F~1) = | 327, h(x;) — h(—x0)|. Note that
A(]z*]) belongs to the span of elements of the form |z;'| ® |2;”|. By Lemma EIT]
{a, |h(z;)|}kks = 0 for all @ € A. Hence,

(1® {a, —}KKS)E(Z |h(z:)]) = 0.

Step 5. The remaining contribution is as follows:

~(1@ {a, ~}xxs)A((=20)) = —(1® {a,~}xxs)|h(l @z -z ® 1)
= (|I®)[1®a,h(1®x0—20®1)].

In the third line, we used Lemma 1Tl Applying the Sweedler notation

A(g(=w0)) = A(h(—w0)) = h(l @ 2y —wo® 1) = ¢ ® ¢,

we can rewrite the result as |¢’| ® [a, ¢"]. This concludes the proof of equation (7).

Step 6. From the defining formulas for z!8 and 6218, we see that Alt(1®| |)u™8(a) =
—6%8(|a|) for any a € A. Since the constant term of s(z) is —1/2 and all the other terms
are of odd degree, we have 8" ® s’ = -1 ® 1 — ' ® s”. Therefore, from [{@T) we get
A(1® | g, (a) = —5%8(|a]) + |a| A1 for any a € A. By (39), we have

(0 @ 0F)0* (1)) = —AL(1 @ | )10, (Or (7)) + 0(1) AL = 6*¢(|0r(7)])

for any v € 7. Since the image 0 (|Kr|) is dense in |A|, we conclude 55; = §le,
This completes the proof of Theorem O
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8 Topological interpretation of the Kashiwara-Vergne the-
ory

Theorem shows that the Kashiwara-Vergne equations for an element F' € TAut(Ly,)
are sufficient to prove the equality 5@: = 6?2 for the expansion 8 = F~1 0 #P. In
this section, our goal is to show that assuming the first KV equation, the second one
becomes a necessary condition for 5;'F .

8.1 Special derivations

As a technical preparation, we discuss Lie algebras of special derivations and Kashiwara-
Vergne Lie algebras.

Definition 8.1. An element u € tDer(A) is called special if p(u)(xg) = 0.

We denote by sDer(A) the set of special elements in tDer(A). Namely,

sDer(A) = {u = (u1,...,u,) € tDer(A) | Z x;, u;] = 0}.

This is a Lie subalgebra of tDer(A). Likewise, we define sDer(L) to be the set of special
elements in tDer(L).
Consider the symmetrization map N : [A| — A. For a = 21 - - 2, with z; € {z;}7,
we have .
N(la]) = Z Zj e ZmZl %,
j=1

and N(Ja|) = 0 for a € K. If a is homogeneous of degree m, then |N(|a])| = m|al.

Remark 8.2. The symmetrization map N coincides with the map |A| — A induced by
the double derivation ), x;0;

Lemma 8.3. For any |a| € |A|, the derivation {|a|,—} € sDer(A) is special, and it is
given by

{|(Z|, _}KKS - _(ula cee ,un)a
where u; € A are uniquely defined by formula N(|a|) = >, xu;. Furthermore, the
map |a| — {|a|, —}kks induces an isomorphism

|A|/K1 2 sDer(A). (49)

Proof. Lemma [L.11] implies that {|a|, z¢o}xks = 0 for all a € A. Hence, {|a|, —}kks €
sDer(A). In order to prove the formula for the tangential derivation {|a|, — }xks, we may
assume that a = 21 - - - zp, with z; € {x;}]",. Then the ith component of {|a|, —}kKks is
of the form

- g 5ml,z]Z]+1 *ZmAl Zj—1
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(see the proof of Proposition .10]), and this is equal to —u;.

Let |a| € |A| be a homogeneous element of degree m > 1 in the kernel of the map
la| — {]a|, —}kks. The formula for {|a|, —}kks shows that |a| = 0. Clearly, 1 is in the
kernel of the map |A| — sDer(A). Hence, the map |A|/K1 — sDer(A) is injective.

To show the surjectivity, let v = (v1,...,v,) be a special derivation and assume
that v; is homogeneous of degree m for any i. Then, a := —(1/(m + 1)) Y, z;v; is
cyclically invariant since >, [z;,v;] = 0, and N(|a|) = (m + 1)a = — ", x;v;. Therefore,
{lal, —}xkxs = v. O

8.2 The Lie algbera krv,
Definition 8.4 ([6] §4). The Kashiwara-Vergne Lie algebra krvy is defined by
krve := {u € sDer(Lg) | 3h(z) € K[[z]],div(u) = |h(x) + h(y) — h(z + y)|}.

Similarly, for any n > 2, we introduce a generalization of krvs,
krv,, := {u € sDer(L) | 3h(z) € K[[z]], div(u) = \Z h(z;) — h(—x0)|}.
i=1

For our purposes, it is convenient to introduce a slightly different version of the
Kashiwara-Vergne Lie algebra,

kevKES (€ sDer(L) | div(u) € Z(1A], {—, —}xxs)}-
Recall that the kernel of the map p : tDer(L) — Der(L) is spanned by the elements

i

1
G = —§{|x?|, —}tkks = (0,...,0,2;,0,...,0) € sDer(L) C tDer(L).
The relation between the two versions of the Kashiwara-Vergne Lie algebra is given by
the following proposition:

Proposition 8.5.
n
kI‘VEKS = krv,, ® <@ Kq,) ,
i=1

For the proof, we need the following lemma;:

Lemma 8.6. Consider the substitution map wy, : |An| — [A1] 2 K[[2]],a = aly, =2 o =0/ £k)s
given by xp — z and xp — 0 for k' # k. Let u = (uy,...,u,) € tDer(L,) and assume
that the degree 1 part of uy is in @y, Kag . Then we have wy(div(u)) = 0. Further-
more, we have wy(j(exp(u))) = 0.

Proof. Ifv = [z1,[22,...,[#m—1, 2m] - - ]|, where z; € {z;}7_;, is a Lie monomial of degree

m > 2, then wy(vF) = 0. By linearity, we see that wy(v¥) = 0 if the degree 1 part of

v € Lisin Gak’yék Kz Now, since wy(zy) = 0 for k' # k, we obtain

@ (div(u)) = @plze(we)*| + Y @rlow (up)¥| = |20 = 0.
k' +k

Finally, by (&), we obtain j(exp(u))|s, =22, =0(k'2k) = 0 O
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Proof of Proposition[83. For the inclusion krv, & ()", Kg;) C krvSKS, we first consider
the elements ¢;. Since

div(g;) = |zi| € Z(|A],{—, —}kks),

we conclude that q¢; € krvE®S. If u € krv,,, then div(u) = |31, h(z;) — h(—0)| for
some h(z) € K[[z]]. In particular, div(u) is in the center with respect to the Lie bracket
{—, —}kks. Therefore, krv,, C krvEKS

B
Note that expressions of the form |>"" ;| h(x;) — h(—xo)| contain no linear terms.
Therefore, krv,, N @}, Kg = {0} and krv,, @ (P}, Kg;) C krvEES | as required.
To prove the inclusion in the opposite direction, let u € krvffKS. By Theorem 415,
there exist elements h;(z) € 2°K][[2]], 0 <i < n, and ¢; € K, 0 < i < n, such that

div(u) = ‘Co + Z(szl + hl(m,)) — ho(—wo)’.
i=1
From the definition of the divergence, we have ¢y = 0. Hence,
div(u— ) _cigi) =Y hi(w:) — ho(~ao)l.
i=1 i=1

By Lemma [B6, we obtain h;(z) = ho(z). Therefore, u — > " | ¢;q; € krv,, and u €
krv, & (B, Kg). O

The Lie algebras sDer(A), sDer(L), krv,, and krvEES integrate to the groups SAut(A),

n

SAut(L), KRV,, and KRVEXS respectively. Clearly, KRV, ¢ KRVEKS ¢ SAut(L). A
more explict description of the group KRV, is as follows:

KRV, = {F € SAut(L) | 3h(z) € K[[2]], j(F) = | Y h(wi) — h(=x0)|}.
i=1

To see this, let u € krv,, and F = exp(u) € KRV,. We have div(u) = | > ", h(z;) —

h(—xzo)| for some h(z) € K[[z]]. Since w is a special derivation, u - div(u) = wu -
>0 h(mi) — h(—xz0)] = 0. By @), j(F) = div(u) + (1/2)u - div(u) 4+ -+ = div(u).
The other inclusion can be proved similary (note that the operator (e?d« — 1)/ad, is
invertible).

The group KRVEKS admits a similar description:
KRV = {F € SAut(L) | j(F) € Z(|A], {~, —}xxs)}-

As before, the fact that j(F) € Z(|A],{—,—}kks) is equivalent to the existence of
h(z) € K[[z]] such that

J(F) =Y h(x;) = h(—0)| mod EPKlay.
i=1 i=1
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8.3 Topological interpretation of the KV problem

The following theorem gives a topological interpretation of the condition (KV(O’”H)H).

Theorem 8.7. Suppose that F' € TAut(L) satisfies (KVODI) and set 0p := F~1 o
0P, Then, F satisfies 5(;; = 68 if and only if

J(F7Y) € Z(JAlL {—, —}kks)-

Equivalently, there exists an element G € ker(p) C SAut(L) such that FG satisfies
(KVOn+ip),

Proof. Let F € TAut(L) be a solution of (KV©"UI). Consider the following diagram:

Kr| -2 |Kn|® [Kn

eexpl leexp@)gexp

4] —Ehmiy 4] @ |4

F*ll J/F—I(X)F—l

5+

P TRV

The upper square is commutative by Proposition [6.7, and the lower square is commu-
tative by definition of the transfered cobracket. For a € A we use equations (6), (I8),
([I6) and Proposition 420 to compute

84, (lal) = —(F~'® F~)tDiviu(F|al)
—F~'tDiv(F({|al, — }ada))

_tDiV({|a|’ _}add) - {|a~|’ _}add : tJ(F_l)
& (Jal) — {lal, —}xks - AG(EF)).

The equality 5(;; — 678 holds true if and only if {|a|, —}kks - A(j(F1)) = 0 for every
a € A. Looking at the |A| ® 1-component of this equation, we see that the equation is
satisfied only if j(F~1) € |A| is central with respect to {—, —}kks. In the other direction,
recall that the center is a sub-coalgebra of |A|. Hence, if j(F 1) is central, the expression
{lal, = Ykks - A(G(F~1)) vanishes as required.

For the second statement, if G € ker(p) and FG is a solution of (KV©"+DII), then

JET = J(G)+G(FG)™)

J(G) +i(FG))
{22 (h(zi) + i) — h(=wo)| i € K, h(z) € K[[2]]}
Z(‘A’7 {_7 _}KKS)'

N m |

In the other direction, one uses the argument similar to the proof of Proposition O
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Remark 8.8. One can prove Theorem [L.3] in Introduction by using the same argument
as above. Indeed, for F' € TAut(L) and 0 = F~1 0 %P we have

05, (la]) = —tDiv({lal, =}o) — {lal, =} - t3(F71).

If j(F~1) is central in the Lie algebra (|A|,{—, —}g), it is spanned by elements of the
form |z¥|, |[(F~'log(e™ ... e%))¥| (see Remark [6.14)). Since the center is a sub-coalgebra
of |A|, the expression {|a|, —}g - tJ(F~!) vanishes, as required.

Remark 8.9. Define the set O of homomorphic expansions and the set SolK Vv (0:n+1)
of solutions of the Kashiwara-Vergne problem. There is a bijection between these two
sets established by the formula F + 0p = F~! 0 §%P. Furthermore, the group KRV,
acts freely and transitively on the set SolKV©7+1) “and the action is given by formula
F s FH. The set 071 carries a transitive action of the group KRVEKS given by
6 — H~'o6. The stabilizer of this action is ker(p) for all homomorphic expansions
6. The bijection ©On+1) =~ SolKV©n+1) g equivariant under the action of KRV,, (the
action on ©(0"*1) is induced by the inclusion KRV,, ¢ KRVEXS),

8.4 Topological interpretation of Duflo functions

In this section, we apply Theorem to establish a relation between the function s(z)
coming from the topologically defined double bracket x and the Duflo function h(z)
entering solutions of the Kashiwara-Vergne equations.

Recall that the function g(z) in equation (7)) is the derivative of the Duflo function
h(z) and h(z) can be chosen to lie in 22K[[z]]. Decomposing both g and h into a sum of
even and odd parts, we obtain geyen = hodd, Jodd = hreven.-

Proposition 8.10. Let F' be a solution of the Kashiwara-Vergne problem of type (0,n+1)
forn > 1 and h(z) the corresponding Duflo function. Then, modulo the linear part,

. 1/1
godd(z) = heven(z) = B <§ + 5(2)> . (50)
Remark 8.11. In the original Kashiwara-Vergne problem, the function h(z) satisfies
heven =3 YR A 51
(2) 2;%-(21@)!2 (51)

by [6] Proposition 6.1. This matches the expression obtained from (50) by substituting
s(z)=z1—(1—e7*)"L.

Remark 8.12. In fact, by inspection of the lower degree terms of the KV equations,
one can also show that the linear term of g(z) is —(Ba/4)z = —(1/24)z.

Proof of Proposition [8.10. Recall that the double bracket x and operation u satisfy the
involutivity property (see [2I] Proposition 3.2.7):

{—,—}ou=0:Kr - |[Kr| ® Kr — K.
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Let F' be a solution of the Kashiwara-Vergne problem of type (0,n + 1). By applying
expansion A, we obtain

{—= —Jagdopo, =0: A= [A|® A — A (52)

Since {—, —}s vanishes on |A| ® A, we can replace the bracket {—, —},qq by the bracket
{—, —}kks. Furthermore, the graded quotient of the equation (52| implies {—, —}kKks ©
p% = 0. By using (@), we obtain

{[s"],as"Ykxs — {|s"al, s"}xks + {I¢], ag” }xxs — {|g'], ¢" a}kxs = 0

for any a € A. The contribution {|s”al, s'}kks vanishes since {|s”al, —}kks is a special
derivation and special derivations annihilate xy. The remaining terms read
— §(—ady)(a) + 5(0)a + g(—ads,)(a) — g(0)a — (—g(ads, ) (a) + (0)a)
=(290dd (ada ) — $(adz,))(a) + (5(0) —29(0))a.
Here we use that 8" ® s’ = -1 ® 1 — s’ ® s” and Lemma Since the last expression

vanishes for all a, we conclude that 2g,q4(z) — s(z) = 0 modulo the terms of degree < 1.
This proves the proposition. ]

A Proof of Theorem

In this appendix we deduce Theorem [A.15 from the following theorem. Most of this
appendix will be spent for its proof.

Theorem A.1. Suppose that u € Der(A) satisfies |u(a)| =0 for any a € A. Then u is
an inner derivation, i.e., there exists an element w € A such that u(a) = [a,w] for any
acA.

Let H be the linear subspace of A spanned by z;, 1 < ¢ < n. The linear subspace
H®™ C A is nothing but the set of homogeneous elements of degree m. In order to
prove Theorem [A.T] we need Proposition [A.2] and Lemma [A 5] stated below.

Proposition A.2. Let x € H\ {0} and let a € H®™ with m > 1. If |ax'| = 0 for some
I >m—1, then a € [z, A].

To prove Proposition [A.2] we may assume that n > 2 and z = ;.
For a multi-index I = (iy,...,4y), where iy, € {1,...,n}, set p; ==z, - x;,, € HO™.
We introduce the subspaces of H®™ defined by

P = Spang{py | i1 # 1,im = 1},
Q := Spang{ps | i1 # 1,in # 1}.

Clearly, H®™ = zH®™m=1) ¢ P & Q. Note that P = 0 if m = 1.

Lemma A.3. Let m > 2. Ifb € Q and |bx'| = 0 for some | > m — 1, then b = 0.
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Proof. Let m: H — Kz be the projection defined by z; +— z and z; — 0 for ¢ =2,...,n.
Let 0 := (1,2,...,1 +m) € &, be the cyclic permutation. Since |bz!| = 0, we have
Ziigﬁl ol(bzt) =0 € HOU+M), Applying 1%m®7r®l to this equation, we obtain bz! = 0,
since b € Q implies (15™ ® 7®)o?(ba!) =0 for i = 1,...,1+m — 1. Hence b = 0. O

Proof of Proposition[A.2. The assertion is clear if m = 1. In fact, |az!| = 0 implies
a=0.

Let m > 2 and suppose that the assertion holds if deg(a) = m — 1. Let a € H®™ and
assume that |az!| = 0 for some [ > m — 1. There exist uniquely determined elements
o € H®m=1) 1 ¢ gOm=1) with bz € P, and b’ € Q such that a = zd’ + V'z +b"'. We
have

0 = |az!| = |(zd' + bz + b2l = |(a’ + )T + o7z

Notice that the first term |(a’ + &' )2'*!| is in the span of monomials |p;| containing a
sequence of [ 4+ 1 consecutive z’s, while the second term |b”z!| is in the span of |ps|’s
containing no such a sequence. Therefore, |b”z!| = 0. Applying Lemma [AZ3], we obtain
b = 0. Also, we have |(a’ 4+ V/)z'*1| = 0.

Now we have [ +1 > (m — 1) — 1 since [l > m — 1. By the inductive assumption,
d +V = [z,a1] for some a; € H®™2) Then a = zd' 4+ bz = [x,d'] + (' + )z =
[z,d] + [z, a1)z = [z,d" + a12] € [z, A], as required. O

Corollary A.4. Let x € H\ {0} and a € A. Then a € [z, A] if and only if |ax'| = 0 for
any | > 1.

Proof. The ‘only if’-part is trivial. In fact, it is clear that |[z,b]z!| = —|b[z,2!]| = 0.
Here we remark that it suffices to show the ‘if’-part for any homogeneous a € A, since
[A, A] C A is homogeneous. Hence Proposition [A.2] implies the ‘if-part. O

Lemma A.5. Let z and y € H be linearly independent. Suppose that an element a € A
satisfies [x',a) € [y, A] and [y, a] € [z, A] for any 1 > 0. Then we have a € K[[z]]+K][[y]].

Proof. We may assume a € H®? for some d > 1. Since Kz N yH®(@=1) = 0, we have a

decomposition
H® — Kot @ yHO @D g v

for some linear subspace V' .C H®?. In particular, we have a = \z? + ya’ + a” for some
NeK, d € H®@4=1) and o” € V. From the assumption, there exists some b € H®(2d-1)
such that [z9,a] = [y,b]. We have b = —2%q + yb' + b" for some by € H®@D 1 ¢
H®(4=2) and v € V @ H®~D, Then the equation [2¢,a] = [y,b] implies

xd(ya/ + a//) _ (ya/ + a//)xd = yb+ xdboy _ (yb' + b”)y

Looking at its 2% H®?-component in the decomposition H®2d = g g®d g ¢y HOd-1) g
V @ H® we obtain z%(ya’ + a”) = 2%y, so that ya' + a” = bpy. So we conclude
a = Az + byy. Similarly the assumption [y?, a] € [z, A] implies a = py? + cox for some
p € K and ¢o € H®(@=1D | Hence we obtain a = Az® 4+ py?. This proves Lemma O
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Remark A.6. Note that if a € K[[z]] + K][[y]] then [2!,a] € [y, A] and [y}, a] € [z, 4] for
any [ > 0. For example,

-1
[xl’ym] _ [1‘, inymxlli] ]
=0

Proof of Proposition[A 1l If n = 1, then |A| = A, so that the theorem is trivial. Hence
we may assume n > 2. Since 0 = |u(x;*1)| = ZL:O \zifu(e) 2 k) = (14 D) |u(z;)zd
for any [ > 0, we have some a; € A> such that u(z;) = [z;,a;] by Corollary [A4l Let ¢
and j € {1,2,...,n} be distinct. Then, for any p,q > 1, we have

0 = |u(zPx;9)| = [[x:?, ai]z; ] + |2 [, aj]] = |[2:?, ai — az]a;?) = |2P[a; — aj, 2;7]).

This implies [x;?,a; — a;] € [z;, A] and [z;9,a; — a;] € [z;, A] by Corollary [A.4l Hence,
by Lemma [A5] we have a; — a; € K[[z;]] + K[[z;]], namely, we have unique formal
series fij(x;) € K[[z;]] and fj;(x;) € K[[z;]] such that a; — aj = fij(x;) — fji(x;) and
£i;(0) = f;i(0) = 0. If n = 2, then w := a1 + fa1(x1) = az2 + fi2(z2) satisfies u(a) = [a, w]
for any a € A.

For the rest of this proof, we assume n > 3. Let 4,j and k € {1,2,...,n} be distinct.
Then

0= (a;i —aj)+ (a; —ag) + (ar, — a;)
= fij(xg) = fii(ws) + fin(wn) = fuj(@) + fuiwi) — fn(an)

Since f;i(0) = fxi(0) = 0, we have fj;(z;) = fri(xz;). Hence w := a; + fji(x;) € A is
independent of the choice of ¢ and j, so that u(a) = [a, w] for any a € A. O

Proof of Theorem [{.15 From Lemma [.II] the center includes |K[[z;]]| for any i =
0,1,...,n.

Let a € A be a homogeneous element of degree m > 1 satisfying {|a|, |b|}xks = 0
for any |b| € |A|. This means |{|a|,b}xks| = 0 for any b € A. From Theorem [A] there
exists an element w € A such that {|a|,b}kks = [b, w] for any b € A. By Lemma [LTT] we
have [xg, w] = {]a|, zo}xks = 0. It is easy to check that for any non-zero element r € A
of degree 1, any element of A commuting with r is a formal power series in r. Hence

we have w € K[[zo]], and so {|a|, —}kks = (c1z1™ ' +w,...,cpz,™ ! + w) € sDer(A)
for some ¢; € K. By Lemma R3] we obtain mla| = [N(|a])] = =), |cix;™ + zjw| =
lzow| — >, |cixi™] € Yoi [K[[x;]]]. This proves the theorem. O

Remark A.7. The same method allows to compute the center of the completed Goldman
Lie algebra for any compact connected oriented surface with non-empty boundary. The
key point is to use expansions to transfer the Goldman bracket to a Lie algebra structure
on the space of cyclic words, as we saw in the case of genus zero (see diagram ([45])). For
surfaces of genus g > 1, one can also use the technique of [12], see Corollary 8.6.2.
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